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ON THE NUMBER OF SOLUTIONS IN POSITIVE INTEGERS OF 
THE EQUATION yz+2x+ xy= DN. 


By L. J. MorpeE tt. 


About sixty years ago, Liouville,* in commenting upon a paper by 
Hermite, stated some results concerning the number of solutions in positive 


integers of the equation 
ye + 2x + ay =n, (1) 


where, of course, n is a positive integer. For example, if x, y, z are odd 
and y+ z= 2 (mod 4) and n= 3 (mod 4), the number of solutions is 
represented by F(n), the number of uneven binary classes of determinant 
—n. Again if n= 1 (mod 4) and y and z are both odd, the number of 
solutions is F(n) plus one half of the number of divisors of n. The following 
explanation of the meaning of the symbol F(n) may make these results 
more intelligible to those who have not studied the theory of numbers. 


All the quadratic forms 
af? + + cn? 


usually denoted by (a, b, c) where a, b, c are any integers satisfying 
b? — ac = — n, a> 0, 


can be grouped in a finite number of classes such that the forms in a class 
can be transformed into each other by a linear substitution 


f= =r&+sn 
where p, q, r, $ are integers satisfying the equation 
ps — qr = 1. 


Moreover, the forms in two different classes can not be transformed into 
each other by such a substitution. The total number of classes is called 
G(n). Representatives of these classes are selected in a particular wayf 
and referred to as reduced forms. We call the classes, in which a and ¢ are 
not simultaneously even, the uneven classes, and denote the number thereof 
by F(n). In reckoning these class numbers, we adopt the usual convention, 
that a class (k, 0, k) is reckoned as 3, and a class (2k, k, 2k) as 3. 


* Jour. de maths., series 2, tome 7, 1862, page 44. 
} See for example Matthew’s “Theory of Numbers,” pp. 69-73. 
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Equation yz + zx + ry = n. 


Only a few months ago, Prof. E. T. Bell in his paper * “Class Numbers 
and the Form yz+ za+ zy” proved that the number of solutions of. 
equation (1) is equal to 3G(n) — 3 if n is a prime. He stated that his 
method, which depends upon formule of the type introduced by Liouville 
into Analysis, also gives the results for n composite, but that he has not 
published them as they are rather complicated. 

I shall now show that the number of solutions of equation (1), when no 
restrictions are made upon 2, y, 2, n, except that they are all positive 
integers, is equal to 3G(n), provided that a solution in which one of the 
unknowns is zero is reckoned as 3 instead of 1. For example, if n = 19, 
the number of solutions is 12; six solutions arising from the permutations 
of 1, 3, 4, three from 1, 1, 9, and three from the six permutations of 0, 1, 19, 
since each solution is now reckoned as 4. Also there are four classes of 
binary forms of determinant — 19 represented by (1, 0, 19), (2, 1, 10), 
(4, + 1, 5), so that the formula is verified. It of course includes Bell’s 
result as a particular case, since he has not adopted the convention for the 
solutions with one of the unknowns equal to zero. 

Consider separately the solutions for which 2 + y is odd oreven. In the 


former case put 
2x = 2m+1+ 1, 
2y = 2m+ 1-1, 


so that ¢ is an odd number and 
0< <2m+1, 
and m is a positive integer or zero. The equation (1) becomes 


4n = (2m+ 1)? — & + 42(2m + 1) (2) 
= (2m + 1)(2m + 1+ 42) — ?, 


where m, z = 0, 1, 2, ---, 


0< |t] <2m+1 


and the convention applies to the solutions for which either |¢) = 2m + 1 
or z= 0. The number of solutions of (2) is equal to F(4n), as we can 
establish a unique correspondence between them and the uneven classes of 
binary quadratics of determinant — 4n. For corresponding to any solu- 
tion, we have the quadratic form of determinant — 4n, 


(Qm+ 1, t, 2m+1-+ 42). (3) 


But the uneven classes of determinant — 4n can be represented by the 


* Tohoku Mathematical Journal, Vol. 19, May, 1921, pp. 105-116. 
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forms (a, b, ¢) with 
b? — ac = — 4n, 


where c > a > 2|b| and ¢ and a are not both even; if any of the equality 
signs hold, we take only the positive values of b. These forms can be 
arranged in three groups according to the residues of a, b, ¢ (mod 2). 

In group I, a, b, ¢ are all odd, whence a = ¢ (mod 4). In group II, a is 
odd, b is even, cis even; and in group III, a is even, b is even, cisodd. Now 
the number of solutions of (2) in which |t| < m is obviously equal to the 
number of forms in the first group, since when z = 0, the solution is reckoned 
as 3, that is the forms (2m + 1, t, 2m + 1), are reckoned only when t is 
positive. For the solutions with |t| > m we consider instead of the 
quadratic (3), the form derived from it, by changing x into 2 + y according 
ast > < 0, namely, 


[2m + 1, t (2m + 1), (4m+ 2+ 42 2t) |] = (A, B,C) say. (A) 


Hence A > 2|B| and either the form (A, B, C) or (C, — B, A) is reduced, 
so that the number of solutions now is equal to the number of forms in the 
groups (2) and (3). We note that when |t| = 2m+ 1, the convention 
concerning zero solutions means that the form (2m + 1, 0, 42) is only reck- 
oned once. This proves that when x + y is odd, the number of solutions 
of (1) is F(4n) and this is also equal to 2F(n). 

When x + y is even, we put x = m+ t, y = m — t, so that (1) becomes 


n= — + 2mz, (5) 
where 
|é| Sm, and m,z= 0,1, 2,3, - 
with the convention when either z = 0 or |t| = m. 


The solutions of this equation can be found in exactly the same way as 
in (2); but I have already done this in my paper “On Class Relation For- 
mule’’ * and the conventions there adopted concerning the number of solu- 
tions are exactly the same as the present ones. Two cases are considered. 
When m is odd, the number of solutionst is F(n); when m is even, the 
number of solutionst is 3G(n) — 3F(n). Hence the total number of solu- 
tions of (5) is 3G(n) — 2F(n), and adding these to 2F(n), the number of 
solutions of (4), we have the final result, that the number of solutions in 
positive integers of equation (1) is 3G(n) provided we reckon only half the 
solutions when one of the unknowns is zero.§ 

* Messenger of Mathematics, Vol. 46, 1916. 

+ Page 133 of the above. 

t Page 134 of the above. 


§ A very simple proof has since been given by Whitehead in the Proceedings of the Lon- 
don Mathematical Society, records of proceedings at meetings, ete., issued May 30, 1922. 
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We have also shown * that 


(1) x + y is odd for 2F(n) of these solutions, 
(2) x + y = 2 (mod 4) for F(n) of these solutions, 
(3) «+ y = 0 (mod 4) for 3G(n) — 3F(n) of these solutions. 


We may note also that when n is not a perfect square 


x + y = 1 (mod 4) for F(n) of these solutions, 
x + y = 3 (mod 4) for F(n) of these solutions. 


For if m is even in equation (2) the binary quadratics (3) represent odd 
numbers of the form 4k + 1, and hence are half of the total number of odd 
forms of determinant — 4n, as follows from the elementary properties of 
the generic character of binary quadratic forms. 


UNIVERSITY OF MANCHESTER, 
MANCHESTER, ENGLAND. 


* These include Liouville’s results. 
T Also given by Lerch in the Rozpravy ceske Akad. Prague, 7, 1898, No. 4 [Bohemian]. 
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A CLOSED SET OF NORMAL ORTHOGONAL FUNCTIONS.* 
By J. L. WaAtsH. 


Introduction. 


A set of normal orthogonal functions {x} for the interval 0 = x = 1 has 
been constructed by Haar,f each function taking merely one constant value 
in each of a finite number of sub-intervals into which the entire interval 
(0, 1) is divided. Haar’s set is, however, merely one of an infinity of sets 
which can be constructed of functions of this same character. It is the 
object of the present paper to study a certain new closed set of functions 
{yo} normal and orthogonal on the interval (0, 1); each function ¢ has this 
same property of being constant over each of a finite number of sub-intervals 
into which the interval (0, 1) is divided. In fact each function ¢ takes 
only the values + 1 and — 1, except at a finite number of points of dis- 
continuity, where it takes the value zero. 

The chief interest of the set ¢ lies in its similarity to the usual (e.g., sine, 
cosine, Sturm-Liouville, Legendre) sets of orthogonal functions, while the 
chief interest of the set x lies in its dissimzlarity to these ordinary sets. The 
set ¢ shares with the familiar sets the following properties, none of which 
is possessed by the set x: the nth function has n — 1 zeroes (or better, 
sign-changes) interior to the interval considered, each function is either 
odd or even with respect to the mid-point of the interval, no function 
vanishes identically on any sub-interval of the original interval, and the 
entire set is uniformly bounded. 

Each function x can be expressed as a linear combination of a finite 
number of functions ¢, so the paper illustrates the changes in properties 
which may arise from a simple orthogonal transformation of a set of 
functions. 

In §1 we define the set x and give some of its principal properties. 
In § 2 we define the set ¢ and compare it with the set x. In §3 and § 4 
we develop some of the properties of the set ¢, and prove in particular that 
every continuous function of bounded variation can be expanded in terms 
of the ¢’s and that every continuous function can be so developed in the 
sense not of convergence of the series but of summability by the first Cesaro 
mean. In §5 it is proved that there exists a continuous function which 


* Presented to the American Mathematical Society, Feb. 25, 1922. 
t Mathematische Annalen, Vol. 69 (1910), pp. 331-371; especially pp. 361-371. 
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cannot be expanded in a convergent series of the functions ¢. In §6 
there is studied the nature of the approach of the approximating functions 
to the sum function at a point of discontinuity, and in §7 there is con- 
sidered the uniqueness of the development of a function. 


§1. Haar’s Set x. 


Consider the following set of functions: 


(1) = 2) = 43 
1 
0, or 721, k = 1, 2, 3, 0; 


these functions may be defined at a point of discontinuity to have the 
average of the limits approached on the two sides of the discontinuity. 


If we have at our disposal all the functions f;’, it is clear that we can 


approximate to any continuous function in the interval 0 = x = 1 as closely 
as desired and hence that we can expand any continuous function in a 
uniformly convergent series of functions f,?. For a continuous function 
F(x) is uniformly continuous in the interval (0, 1), and thus uniformly in 
that entire interval can be approximated as closely as desired by a linear 
combination of the functions f;) where k is chosen sufficiently large but 
fixed. The approximation can be made better and better and thus will 
lead to a uniformly convergent series of functions f,”. 

Haar’s set x may be found by normalizing and orthogonalizing the set 
\), those functions to be ordered with increasing k, and for each k with 


increasing 7. The set x consists of the following functions: * 


1, <j, 


x$(2) = v2, xi? = 0, 0=2<}i, 
v2, = 0, < §, 
= 0, = V2, $< 2< i, 
0, — v2, 


* L..¢.; p. 361. 
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x = <2< == k = 1,2, 3, 20-1, 
= — V2r1 n= 1, 2, 3, 
= 0, or mi<e<l. 

The same convention as to the value of x at a point of discontinuity is 


made as for the fi”, and x(0) and x{(1) are defined as the limits of x? 


as x approaches 0 and 1. 

For any particular value of N, all the functions f,”, n < N, can be 
expressed linearly in terms of the functions x, n < N, and conversely. 

Let F(x) be any function integrable and with an integrable square in 
the interval (0, 1); its formal development in terms of the functions x is 


F(a) ~ xo(2) + f + 
(1) 
+ x2(2) F(y)x@y)dy + 


This series (1) is formed with coefficients determined formally as for the 
Fourier expansions, and it is well known that S,,(x), the sum of the first m 
terms of this series, is that linear combination F,,(a2) of the first m of the 
functions x which renders a minimum the integral 


f (F(x) — 


That is, S,,(a) is in the sense of least squares the best approximation to 
F(x) which can be formed from a linear combination of the first m functions 
x; it is likewise true that S,,(2) is the best approximation to F(a) which 
can be formed from a linear combination of those functions f. that are 
dependent on the first m functions x. 

Let F(x) be continuous in the closed interval (0, 1). 
number, there exists a corresponding number n such that 


|F(a’) — F(x’) |< 


If € is any positive 


lao — all < 


“ 


whenever 


We interpret S.,(x) as a linear combination of the functions f. The 
multiplier of the function f\ which appears in S.(x) is chosen so as to 


"ape k— k : 
furnish the best approximation in the interval ( a = _ ) to the function 


F(x), so it is evident that S,,(2) approximates to F(x) uniformly in the 
The function 


entire interval (0, 1) with an approximation better than e. 
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Sonu(%) cannot differ from F(x) by more than ¢ at any point of the interval 
(0, 1), and so for all the functions S>,.:(x). Thus we have 

TuHEoREM I. If F(x) 2s continuous in the interval (0, 1), series (1) con- 
verges uniformly to the value F(x) af the terms are grouped so that each group 
contains all the 2”— terms of a set x, k = 1, 2, 3, ---, 2". 

Haar proves that the series actually converges uniformly to F(x) without 
the grouping of terms,* and establishes many other results for expansions 
in terms of the set x; to some of these results we shall return later. 


§2. The Set ¢ 


The set y, which it is the main purpose of this paper to study, consists 
of the following functions: 


_f 1,082<}, 
(x) = 1 


= (2a. 0=2< i, 
(— — 1), $< 251, 
(k) <= 1 
(2k) Ge), 05 2 < §, 
fa (22 — 1), 231, 
1,2, 3, 2°", n= 1, 2, 3, 


(2) 


In general, the function ¢{”, n > 0, is to be used, with the horizontal scale 
reduced one half and the vertical scale unchanged, to form the functions 
gi), and ¢g{, in each of the halves (0, 3), (3, 1) of the original interval; 
the function ¢{');(x) is to be even and the function ¢), odd with respect 
to the point x = 3. Similarly the function ¢{” is to be used to form the 
functions gf; and ¢@}, the former of which is even and the latter odd 
with respect to the point x = 3. All the functions g{” are to be taken 


positive in the interval ( 0, =) The function ¢%” is to be defined at 


points of discontinuity as were the functions f and x, and at z = 0 to have 
the value 1, and at x = 1 to have the value (— 1)**.— The function 


*L.c., p. 368. 

t If it is desired to develop periodic functions by means of the set ¢ [or the similar sets 
f and x] simultaneously in all the intervals ---, (— 2, — 1), (— 1, 0), (0, 1), (1, 2), -+>, 
it will be wise to change these definitions at s = 0 and x = 1 so that always the value of 
g(x) is the arithmetic mean of the limits approached at these points to the right and to 


the left. 
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gy is odd or even with respect to the point x = } according as k is even 
or odd. 

The functions ¢0, ¢1, ¢9, ¢ have 0, 1, 2, 3 zeroes . ., sign-changes) 
respectively interior to the interval (0,1). The function g?;"(x) has twice 
as many zeroes as the function ¢@; and ¢?(x) has one more zero, namely 
at = 3, than has Thus the function has 
zeroes; this formula holds for n = 2 and follows for the general case by 
induction. Hence each function ¢% has one more zero than the preceding; 
the zeroes of these functions increase in number precisely as do the zeroes 
of the classical sets of functions—sine, cosine, Sturm-Liouville, Legendre, 
etc. We shall at times find it convenient to use the notation ¢o, ¢1, ¢2, -- 
for the functions ¢%; the subscript denotes the number of zeroes. 

The orthogonality of the system ¢ is easily established. Any two 
functions ¢“ are orthogonal if n < 3, as may be found by actually testing 
the various pairs of functions. Let us assume this fact to hold for n = 1, 2, 
3, --+, N — 1; we shall prove that it holds for n = N. By the method of 
construction of the functions ¢, each of the integrals 


1/2 ; 
0 1/2 
is the same except possibly for sign as an integral 


1 
0 


after the change of variable y = 2x or y = 2x — 1. Each of these two 
integrals [in fact, they are the same integral ] whose variable is y has the 
value zero, so we have the orthogonality of ¢}(x) and ¢(z): 


This proof breaks down if the two functions ¢¥_1(y), ga_i(y) are the same, 
but in that case either ¢%(2x) and ¢{?(x) are the same and we do not wish 
to prove their orthogonality, or one of the functions g(x), g(x) is odd 
and the other even, so the two are orthogonal. 

Each of the functions ¢%(x) is normal, for we have 


1 
except at a finite number of points. 
Each of the functions xo, x1, x$”, x”, +, x27, can be expressed linearly 
+ 
in terms of the functions ¢o, ¢1, ¢9, oy + Thus forn = 1 we have 


xP = + oF), xP = + oF). 
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It is true generally that except for a constant normalizing factor v2, the 
function x@,, k = 2""', is the same linear combination of the functions 
+ as is of the functions ¢@, and the function 
k > 2-1, is the same linear combination of the functions }(— 1)**[g2*y? 
as is of the functions 

It is similarly true that all the functions go, ¢1, ---, ¢2"; can be ex- 
pressed linearly in terms of the functions xo, x1, «++, x21. Thus we have 


for n = 2, 
Y=xX, GP = — xP), oP = + x?. 


The general fact appears by induction from the very definition of the 
functions ¢. 

The set x is known to be closed;* it follows from the expression of the 
x in terms of the ¢ that the set ¢ is also closed. 

The definition of the functions ¢ enables us to give a formula for 
g(x). Let us set, in binary notation, 


91 


a;= 0 or 1. 


If x is a binary irrational or if in the binary expansion of a there exists 
a; + 0,71 > n, the following formulas hold for ¢}: 


gs) (— (— 1)”, 
= (— of = (— 
(— ])astes, go? (— ])artastay 
(— ])aztes (— ])artartas 
The general law appears from these relations; always we have 
eft) = (— (4) 
(k) (1) 


Yn = Pk-1Pn - 


(x) when x is a binary rational can readily 


A general expression for ¢;, 
be computed from formulas (3), for we have expressions for the values of 


g for neighboring larger and smaller values of the argument than x. 


* That i is, there exists no non-null Lebesgue-integrable function on the interval (0, 1) 
which is orthogonal to all functions of the set; 1. ¢., p. 362. 
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§ 3. Expansions in Terms of the Set {¢}. 


The following theorem results from Theorem I by virtue of the remark 
that all the functions ¢; can be expressed in terms of the functions \” 
and conversely, and from the least squares interpretation of a partial sum 
of a series of orthogonal functions: 


THEOREM II. If F(x) ts continuous in the interval (0, 1), the serres 


F(2) ~ go(2) F(y)go(y)dy + F(y)ex(y)dy 
(5) 


converges uniformly to the value F(x) if the terms are grouped so that each group 
contains all the 2" terms of a set o, k = 1, 2, 3, ---, 2". 

Series (5) after the grouping of terms is precisely the same as series (1) 
after the grouping of terms. 

Theorem II can be extended to include even discontinuous functions 
F(x); we suppose F(x) to be integrable in the sense of Lebesgue. Let us 
introduce the notation 


F(a + 0) = lim F(a + 6), F(a — 0) = lim F(a— ),  €>0O, 
e=0 e=0 
and suppose that these limits exist for a particular point x= a. We 
introduce the functions 


F(z), 
F(ia—0), xZa, 


Fia+0), «Sa, 


F(x), (6) 


The least squares interpretation of the partial sums S,,,(x) of the series (1) 
or (5) as expressed in terms of the f/” gives the result that if hi < F(x) < he 
;n any interval, then also hi < S,,(~) < he in any completely interior 
interval if n is sufficiently large. It follows that F(x) is closely approxi- 
mated at a = a by its partial sum S,,, if n is sufficiently large, and that this 
approximation is uniform in any interval about the point 2 = a in which 
F,(x) is continuous. A similar result holds for F(x). 
The function F(x) + F.(x) differs from the original function F(z) 
merely by the function 
[FG +0), r<a, 
|\F(a—0), 


The representation. of such functions by sequences of the kind we are con- 
sidering will be studied in more detail later (§ 6), but it is fairly obvious 
that such a function is represented uniformly except in the neighborhood 
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of the point a. If F(x) is continuous at and in the neighborhood of a, or 
if a is dyadically rational, the approximation to G(x) is uniform at the 
point a as well. Thus we have 

THeorREM III. If F(x) ts any integrable function and if lim F(x) exists 


for a point a, then when the terms of the series (5) are grouped as described in 
Theorem II, the serves so obtained converges for x = a to the value lim F(z). 


If F(x) ts continuous at and in the neighborhood of a, then this convergence is 
uniform in a neighborhood of a. 

If F(a) 1s any integrable function and wf the limits F(a — 0) and F(a + 0) 
exist for a dyadically rational point x = a, then the series with the terms 
grouped converges for x= a to the value $[F(a+ 0) + F(a — 0) ]; this 
convergence 1s uniform wn the neighborhood of the point x = a if F(x) 1s con- 
tinuous on two intervals extending from a, one in each direction. 


It is now time to study the convergence of series (5) when the terms are 


not grouped as in Theorems II and III. We shall establish 

THEOREM IV. Let the function F(x) be of limited variation in the interval 
0=221. Then the series (5) converges to the value F(x) at every point 
at which F(a + 0) = F(a — 0) and at every point at which x = a is dyadically 
rational. This convergence is uniform in the neighborhood of x = a in each 
of these cases if F(x) is continuous in two intervals extending from a, one in 
each direction. 

Since F(x) is of limited variation, F(a + 0) and F(a — 0) exist at every 
point a. Theorem IV tacitly assumes F(x) to be defined at every point of 
discontinuity a so that F(a) = 3 F(a + 0) + F(a — 0) ]. 

Any such function F(x) can be considered as the difference of two 
monotonically increasing functions, so the theorem will be proved if it is 
proved merely for a monotonically increasing function. We shall assume 
that F(x) is such a function, and positive. We are to evaluate the limit of 


F(y) KP(a, y)dy, 
KP(a, y) = ¢0(x)Go(y) + oily) + + 


We have already evaluated this limit for the sequence k = 2"~', so it remains 
merely to prove that 


1 
lim f F(y) Q2(x, = 0, (7) 
0 
QP (a, y) = + + 


whatever may be the value of k. 
We shall consider the function F(x) merely at a point x = a of con- 
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tinuity; that is, we study essentially the new functions F; and F2 defined by 
equations (6). In the sequel we suppose a to be dyadically irrational; 
the necessary modifications for a rational can be made by the reader. 

The following formulas are easily found by the definition of the Q?; 
both x and y are ieee dyadically irrational: 


y) = 


We, 


Q(z, y) = 1(2a, 2y) if < 3 2y <3 2> 
1,2 sy — 1) > 3 2) 


— 1, 2y — 1) if > 3, y > 3, 
(2k+1) 2k) (2k+2 
Qn Qn” + 3 


The integral in (7) for x = a is to be divided into three parts. Con- 


sider an interval bounded by two points of the form z = as £= an : , 


where p and » are integers and such that 


p att 


Then we have 


1 p/2” 
[ nay = Fy(y)Q2(a, y)dy 


(p-+1)'2” 1 (8) 
+ Fi(y)Qr(a, y)dy + Fi(y)Qn (a, y)dy. 
p/2” (p+1)/2” 
These integrals on the right need separate consideration. 
Let us set 
ui = Oorl. 


The first integral in the right-hand member of (8) can be written 


m1 /21 (p/2”)—(Hy/2”) 
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Each of these integrals is readily treated. Thus, on the interval0 = y S e , 


O(a, y) takes only the values + 1 or 0, is 0 if k is even and has the value 
+ g(y) if kis odd. It is of course true that 


1 
lim | ®(y)¢n(y)dy = 0 (10) 


0 


no matter what may be the function ®(y) integrable in the sense of Lebesgue 
and with an integrable square.* Hence we have 


/21 
lim Fy (y)QY(a, y)dy = 0. 


On the interval + » the function y) takes only the 


values 0, + 1, + 2, and except for one of these numbers as constant factor, 
(k) 


has the value ¢gf’(y). It is thus true that 


/21)+ (Me /22) 
lim Fy (y) QY(a, y)dy = 0. 
N=O /21 
From the corresponding result for each of the integrals in (9) and a 
similar treatment of the last integral in the right-hand member of (8), 
we have 


p/2” 
lim F,(y)QY(a, y)dy = 0, 
(11) 
lim Fy (y)Q?(a, y)dy = 0. 


e/(p+1)/2” 


We shall obtain an upper limit for the second integral in (8) by the 
second law of the mean. We notice that 


(p+1)/2¥ | 
nay = 4, 


whatever may be the value of & In fact, this relation is immediate if n 


* This well-known fact follows from the convergence of the series 


k 
(ay”)*, 


proved from the inequality 


1 a) k) (k)\2 
(®(x) — ago — — a2 py? al "de = 0, 


1 
where a = (y)dy. 
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is small and it follows for the larger values of n by virtue of the method of 
construction of the Q. Moreover, if n = v and if — = = » this integral 


has the value zero. We therefore have from the second law of the mean, 
n= 


Fi(y)Qr(a, y)dy = (5) Qn’(a, y)dy 


2” 2” p/2” 


(p+1)/2” 
Je 


p+1)/2” 
= | — F, y)dy. 


By a proper choice of the point Ewe can make the factor of this last in- 


tegral as small as desired; the entire expression will be as small as desired for 
sufficiently large n. The relations (11) are independent of the choice of 


v 


: » so (7) is completely proved for the function F;. A similar proof applies 


to F:, so (7) can be considered as completely proved for the original function 
F(a). 

The uniform convergence of (5) as stated in Theorem IV follows from 
the uniform continuity of F(x) and will be readily established by the reader. 


§4. Further Expansion Properties of the Set Q. 


The least square interpretation already given for the partial sums and 
the expression of the ¢’s in terms of the f’s show that if the terms of (5) 
are grouped as in Theorems II and III, the question of convergence or 
divergence of the series at a point depends merely on that point and the 
nature of the function F(x) in the neighborhood of that point. This same 
fact for series (5) when the terms are not grouped follows from (8) and (10) 
if F(x) is integrable and with an integrable square. We shall further 
extend this result and prove: - 

THEOREM V. If F(x) 1s any integrable function, then the convergence or 
divergence of the series (5) at a point depends merely on that point and on the 
behavior of the function in the neighborhood of that point. If in particular F(z) 
as of limited variation in the neighborhood of a point x = a, and if ais dyadically 
rational or if F(a — 0) = F(a + 0), then series (5) converges for x = a to the 
value 3[ F(a — 0) + F(a+ 0) ]. If F(x) is not only of limited variation but 
as also continuous in two neighborhoods one on each side of a, and if a is 
dyadically rational or if F(a — 0) = F(a+ 0), the convergence of (5) is uni- 


le 
‘id 
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Theorem V follows immediately from the reasoning already given and 
from (10) proved without restriction on ®; we state the theorem for any 
bounded normal orthogonal set of functions pp: 

THEOREM VI. [f {¥,(x)} ts a uniformly bounded set of normal orthogonal 
functions on the interval (0, 1), and if ®(x) is any integrable function, then 


1 
lim | ®(2x)~n(x)dx = 0. (12) 
N=D 0 
Denote by E the point set which contains all points of the interval for 
which |®(x)|> N; we choose N so large that 


|dx < ¢, 


where € is arbitrary. Denote by E, the point set complementary to E; then 
we have 


It follows from the proof of (10) already indicated that the second integral 
on the right approaches zero as n becomes infinite. The first integral is in 
absolute value less than Me whatever may be the value of n, where M is the 
uniform bound of the ¥,. It therefore follows that these two integrals can 
be made as small as desired, first by choosing ¢ sufficiently small and then 
by choosing n sufficiently large.* 

It is interesting to note that Theorem VI breaks down if we omit the 
hypothesis that the set y,, is uniformly bounded. In fact Theorem VI does 
not hold for Haar’s set x. Thus consider the function 


P(x) = (x — 4)”, y < 1, 
We have 
1 1/2+1/2" 
0 1/2 


1/2+1/29-1 Qn—1\»—(1/2) 
1 


/2+1/2” 1 


Whenever v = 3, it is clear that (12) cannot hold, and if v > 3, there is a 
sub-sequence of the sequence in (12) which actually becomes infinite. 


* Theorem VI is proved by essentially this method for the set ¥n(z) = V2 sin nrx by 
Lebesgue, Annales scientifiques de l’école normale supérieure, ser. 3, Vol. XX, 1903. See i 
also Hobson, Functions of a Real Variable (1907), p. 675, and Lebesque, Annales de la ; 
Faculté des Science de Toulouse, ser 3, Vol. I (1909), pp. 25-117, especially p. 52. 
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We turn now from the study of the convergence of such a series ex- 
pansion as (5) to the study of the summability of such expansions, and are 
to prove 

TueorEM VII. If F(x) is continuous in the closed interval (0, 1), the 
series (5) 1s summable uniformly in the entire interval to the sum F(x). 

If F(x) 1s integrable in the interval (0, 1), and if F(a — 0) and F(a + 0) 
exist, and af either F(a — 0) = F(a + 0) or a ts dyadically rational, then the 
series (5) 1s summable for x = a to the value 3[ F(a — 0) + F(a+0)]. If 
F(x) ts continuous in the neighborhood of the point x = a, or if a is dyadically 
rational and F(x) continuous in the neighborhood of a except for a finite jump 
at a, the summability 1s uniform throughout a neighborhood of that point. 

In this theorem and below, the term swmmability indicates summability 
by the first Cesaro mean. 

We shall find it convenient to have for reference the following 

Lemma. Suppose that the series 


(by + bo + + (Onna + On 42 + ooo +O) + 


13 
converges to the sum B and that the sequence 
+ be 3b, + + dg 
3 , 
= 
n 
(my — 1)b1 + (m1 — + + + 
—, (14) 
m+ 1 
m+ 2 
— + + + (m2 — — 1)bn 41 
+ (nz — — + + 
— 1 
converges to zero. Then the series 
bi + bo + bg + (15) 


as summable to the sum B. 
This lemma involves merely a transformation of the formulas involving 
the limit notions. Insert zeroes in series (13) so that the parentheses are 


respectively the n-th, no-th, n3-th terms of the new series; this new series 
2 
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converges to the sum B and hence is summable to the sum B. The term- 
by-term difference of the new series and (15) is the series 


by +- be + + (b + be + + + Dn +1 + bn +2 (16) 
+ + — (bn + bate + + bn.—1) + 


which is to be shown to be summable to the sum zero. The sequence 
corresponding to the summation of (16) is precisely (14). 

A sufficient condition for the convergence to zero of (14) is that we have, 
independently of m, 


lim + (m — = 0, 


k=0 m 


Mm — Mm, (17) 


for from a geometric point of view each term of the sequence (14) is the 
center of gravity of a number of terms such as occur jn (17), each term 
weighted according to the number of 6; that appear in it. An (e, 6)-proof 
can be supplied with no difficulty. 

For the case of Theorem VII let us assume F(x) integrable and that 
F(a — 0) and F(a + 0) exist. The series (15) is to be identified with the 
series (5), and (13) with (5) after the terms are grouped as in Theorem III. 
The sum that appears in (17) is, then, for x = a, 


+ (m — De + 
+ on F(y)dy, mS 2", 


We shall prove that (18) formed for the function F;(y) defined in (6) and 
for a dyadically irrational has the limit zero as n becomes infinite. 
Let us notice that 


+ g(a) = 1. 


This follows directly from (3) and (4). The value of the integral in (19) 
is unchanged if we replace a by any dyadic irrational b. Choose 0 < 6 
< 2, so that all the functions ¢0, ¢1, ¢2, --*, Gm—1 are positive for x = b. 
Then the integrand in (19) can be reduced merely to mgo(y), so (19) is 
proved. 

Let us consider the integral (18) formed for the function F;(y) to be 
divided as in (8), where as before 


p p+1 


nce 


18) 


und 
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and let us denote by (20), (21), (22), (23) respectively the entire integral 
and its three parts. Then (22) can be made as small as desired simply by 


proper choice of the point for in the interval we can make 


|Fi(y) — F,(a)| uniformly small, we have established id and we have also 


[men (a) + (m— 1) ¢?(a)¢2(y) 
2 + i(a)dy = 0 


if merely n > v. 
The integral (21) is the average of m integrals of the type that appear 
in (8): 


Ja” 
Fi(y) Qn°(a, y)dy, k= 1, 2, 
0 


Thus the entire integral (21) approaches zero as n becomes infinite. Treat- 
ment in a similar way of the integral (23) proves that (20) approaches zero. 
It is likewise true that (18) formed for the function F2(y) also approaches 
zero as n becomes infinite. This completes the proof of the second sentence 
in Theorem VII for a dyadic irrational; we omit the proof for a dyadic 
rational. The uniformity of the continuity of F(x) gives us readily the 
remaining parts of Theorem VII. 


$5. Not Every Continuous Function Can Be Expanded in Terms of the ¢. 


The summability of the expansions of continuous functions in terms of 
the functions ¢ is another point of resemblance of those functions to the 
Fourier sine and cosine functions. Still another point of resemblance 
which we shall now establish is that there exists a continuous function whose 
expansion in terms of the ¢’s does not converge at every point of the interval. 

Our proof rests on a beautiful theorem due to Haar,* by virtue of which 
the existence of such a continuous function will be shown if we prove 
merely that 


(24) 


is not bounded uniformly for all n and k. The point a is a point of divergence 
of the expansion of the continuous function and for our particular case may 
be chosen any point of the interval (0, 1). We shall study (24) in detail 
merely for a dyadically irrational; the integral (24) is independent of the 
point a chosen if a is dyadically irrational. 


*L. ¢., p. 335. This condition holds for any set of normal orthogonal functions and is 
necessary as well as sufficient, if a slight restriction is added. 
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The integral (24) is bounded uniformly for all the values n if k = 2”", 
so it will be sufficient to consider the integral 


1 
= 1Q2(a, y) |dy. 
0 


The following table shows the value of ci for small values of n and for 


each value of k: 


n= 2 ] 1 

1 1 13 1 
1 1 1 13 1 13 1 
n=5 1,1, 1, 144, 1 4, 14, 24, 13, i, 1, 


Cn Cn+1) 


(2k+1) _ 1 k) k+1 1 
cf + | + 29 
so the c are not uniformly bounded. 


THEoREM VIII. Jf a point a is arbitrarily chosen, there will exist a 
continuous function whose g-development does not converge at a. 


§ 6. The Approximation to a Function at a Discontinuity. 

We have considered in § 3 and § 4 with a fair degree of completeness the 
nature of the approach to F(x) of the formal development of an arbitrary 
function F(2) in the neighborhood of a point of continuity of F(x). We 
shall now consider the approach to F(x) of this formal development in the 
neighborhood of a point of discontinuity of F(x). We study this problem 
merely for a function which is constant except for a single discontinuity, 
a finite jump, but this leads directly to similar results for any function F(x) 
at an isolated discontinuity which is a finite jump, if F (2) is of such a nature 
that the expansion of F(x) would converge uniformly in the neighborhood 
of the point of discontinuity were that discontinuity removed by the addi- 
tion of a function constant except for a finite jump. 

Let us consider the function 

l, < 
fle) = 


If a is dyadically rational, f(~) can be expressed as a finite sum of functions 
y,* and thus is represented uniformly, if we make the definition f(a) 


*A discontinuity at x = 0 or x = 1 is slightly different [compare the first footnote of 
§ 2]. Under the present definition of the ¢’s it acts like an artificial discontinuity in the 
interior of the interval and has no effect on the sequence representing the function. 


We have the general formulas 
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= ff(ia—0)+f(a+ 0)]; this follows from evident possibility of 
expanding f(x) in terms of the functions fo, fi, fo’, «+: 

If the point a is dyadically irrational, f(x) cannot be expanded in terms of 
the ¢. The formal development of f(x) converges in fact for every value 
of x other than a and diverges for x = a.* The convergence for x ¥ a 
follows, indeed, from Theorem IV. We proceed to demonstrate the 
divergence. 

Use the dyadic notation 


92 


The partial sum 


Sx) = f eile) f 
+ fy) o(y)dy 


is in the sense of least squares the best approximation to f(x) that can be 


formed from the functions ¢o, ¢1, ---, ¢. It is therefore true that when 


) on which f(z) is constant, 


, r 
k = on every subinterval 
Qn Qn 


m 
is also constant and equal to f(x). On that subinterval (5 a mt) 
which contains the point a, S* has the value 
~ 
"a — m = “32 + (25) 


which lies between zero and unity. Thus S(x) [n> 1] is a function 
with two points of discontinuity and which takes on three distinct values 
at its totality of points of continuity. 

The infinite series corresponding to the sequence (25) is 


Not all the numbers a, after a certain point can be zero and not all of them 


* This was pointed out for the set x by Faber, Jahresbericht der deutschen Mathematiker- 
Vereinigung, Vol. 19 (1910), pp. 104-112. 
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can be unity, so the general term of the series (26) cannot approach zero 
and the sequence (25) cannot converge. 

It is likewise true that the sequence (25) is not always summable and 
if summable may not be summable to the value 4. Thus if we choose 


ae | 0 1 1 0 1 
stata 
the sequence (25) is summable to the sum 3. Likewise the sequence 
S® (a) for 2 = a and where we consider all values of n and k, is summable to 
the value 3. 


The general behavior of S%(x) for f(x) where we do not make the 
restriction k = 2” is quite easily found from the behavior for k = 2"~ 


and the relation 


which holds for all values of 2, k, and n. 

In fact there occurs a phenomenon quite analogous to Gibbs’s phe- 
nomenon for Fornier’s series. For the set yg, the approximating functions 
are uniformly bounded. The peaks of the approximating function S“ dis- 
appear entirely for k = 2"~' but reappear (usually altered in height) for 
for larger values of n. 

It is clear that the facts concerning the approximating curves for f(z) 
hold without essential modification for a function of limited variation at 
a simple finite discontinuity, and that the facts for the summation of the 
approximating sequence hold without essential modification for a function 
continuous except at a simple finite discontinuity. 


§ 7. The Uniqueness of Expansions. 
We now study the possibility of a series of the form 
Aopo(x) + aigi(x) + +++ + AnGn(z) + (27) 


which converges on 0 = x = 1 to the sum zero, with the possible exception 
of a certain number of points x. Faber has pointed out* that there exists 
a series of the functions x(x) which converges to zero except at one single 
point, and the convergence is uniform except in the neighborhood of that 
point. 

We state for reference the easily proved — 

Lemma. If the series (27) converges for even one dyadically irrational 


value of x, then lim a, = 0. 


* 


| 
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This lemma results immediately from the fact that g(x) = +1 if z 
is dyadically irrational.* 

We shall now use this lemma to establish 

THEOREM IX. [If the serves (27) converges to thz sum zero uniformly 
except in the neighborhood of a single value of x, then a, = 0 for every n. 

We phrase the argument to apply when this exceptional value 2; is 
dyadically irrational. If 2; > 3, we have for 0 = x S3, 


+ aigi(x) + +++ + + = 0, 
(ao + a1) + (a2 + + (as + a5) g2(y) + = 0, 


for every value of y = 2x. Then we have from the uniformity of the 
convergence, 


a + a, = 0, dz + as = 0, a4 + a; = 0, nee, (28) 
If 2, < 2, we have for ? =z =1, 
Aopo(x) + aigi(x) + + = 0, 

or forO Sy=l1,y = 42 — 3, 
(ap — a1 + Az — as) + (a4 — as + as — a7) 

+ (Gin — + +++ = 0. 
From the uniformity of the convergence we have 

Qo — a, + — a3 = 0, 


dy — A; + dg — a; = 0, 


or from (28), 
ao = a = — = 
= — = — Ug = 


If 2, > 3, we have for 3 = 2 S 3, 


+ aigi(x) + --- = 0, 
or forO Sy =1, y = — 5, 


(ao — — + a3 + + — 47) G0(y) 
+ (dg — dy — + G11 — + + a4 — + = 0. 


Then each of these coefficients must vanish, and hence 


* This lemma is closely connected with a general theorem due to Osgood, Transactions 
of the American Mathematical Society, Vol. 10 (1909), pp. 337-346. 
See also Plancherel, Mathematische Annalen, Vol. 68 (1909-1910), pp. 270-278. 
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Continuation in this way together with the Lemma shows that every 
a, must vanish. This reasoning is typical and does not essentially depend 
on our numerical assumptions about x;. Then Theorem IX is proved. 

The reasoning is precisely similar if instead of the hypothesis of Theorem 
IX we admit the possibility of a finite number of points in the neighborhood 
of each of which the convergence is not assumed uniform: 

THEOREM X. [If the serves 


+ aigi(x) + +++ + Angn(x) + 


converges to the sum zero uniformly, 0 S x = 1, except in the neighborhood of 


= = = 


a finite number of points, then 0. = a, = az = 


HarvarpD UNIVERSITY, 
May, 1922. 


CONGRUENCES DETERMINED BY A GIVEN SURFACE. 
By CLARIBEL KENDALL. 


§ 1. Introduction. 


It has been shown by Professor Wilczynski* that a non-developable 
analytic surface S may be regarded as an integrating surface of a non- 
involutory, completely integrable system of partial differential equations 
of the form 
(1) Yuu + 2by» + fy = 0, 


You + 2a’yu + 0, 


where the subscripts denote partial differentiation, and where the coeffi- 
cients, which are seminvariants, are analytic functions of w and 2 satisfying 
the integrability conditions 
Ain + Gu + + 4a’b, = 0, 
(2) bow + fo + 2a’b, + 4bai, = 
Guu — See Afa,, 2a’f, + 4gb, + = 0. 


Then the curves u = const., v = const. form an asymptotic net on the 
surface S. We shall assume that in general a’ ¥ 0, b ¥ 0, thus excluding 
ruled surfaces from our discussion.t 

Under the above conditions (1) has exactly four linearly independent 


solutions 
(3) y™ = f(u, v) (k = 1, 2, 3, 4), 


i=) 


which are interpreted as the homogeneous coérdinates of a point y on the 
surface S. The semicovariants of (1) aret 
(4) Yuy Yvy 


Substituting the values (3) for y in (4) we obtain four points y, Yu, Yo, Yuv 
which are not coplanar since no relations of the form 


ay + By? + + byw =0 1, 2, 3, 4) 


can exist among them. For, otherwise (1) could have at most three linearly 


*“Projective Differential Geometry of Curved Surfaces,”’ first memoir, Transactions of 
the American Mathematical Society, Vol. 8 (1907), pp. 246-7. 

t Loe. cit., p. 260. 

t “Projective Differential Geometry of Curved Surfaces,’’ second memoir, Transactions 
of the American Mathematical Society, Vol. 9 (1908), p. 79. We shall hereafter refer to this 
paper as Second memoir. 
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independent solutions. Hence these points may be used as the vertices 
of a local tetrahedron of reference for the purpose of studying S in the 
neighborhood of the point y. An expression of the form 


T= AY + A2Yu + + AsYury 


where 4, d2, a3, @4 are analytic functions of uw and v, assumes four values 
7, 7®, +®, + corresponding to the four values of y. Hence 7 determines 
a point whose local coérdinates may be defined by writing 


v1 = = Aa, v3 = = M4. 
Consider the case when two such points 


(5) = + + + AsYur, 
by + boYu + + uv 


are given for every point y of the surface S. If we associate the line l, 
determined by 7; and 72, with each point of S, these lines form a congruence. 
Wilczynski and Green have considered such congruences in cases where 
the lines / pass through the point y or lie in the corresponding tangent plane. 
In this paper we shall consider the more general problems connected with 
the congruences determined by the lines / when / has an arbitrary position 
relative to S. General formulas will be obtained for the torsal curves and 
the guide curves (to be defined later), and for the focal points on /. These 
general formulas will then be applied to certain special congruences in 
connection with which various configurations of the lines themselves will 
be studied. 


§2. Determination of the Developables of a Congruence. 
For each point y of the surface S the points (5) determine a line / whose 
homogeneous line coérdinates are 


Wik = — a,b; G,& = 1, 2,3, 4. 


We wish to find the curves on S along which y must move in order that 
the corresponding line / of the congruence may describe a developable. 
These curves will be called the torsal curves of the surface S with respect 
to the congruence. Let w and v increase by amounts du and dv, where du 
and dv are infinitesimals, in such a way that the point y will change to 
y + dy, a new point on one of the torsal curves. Then the points 7; and 72 
will move to 7, + dr; and 72 + dre respectively. The line joining 7; + dr 
to tz + dre is a generator of the developable consecutive to 7:72 and must 
intersect 7172. Therefore 71, T2, dt,, drz must be coplanar. Now 


dr, = (71) udu + (11)odv, = (T2)udu + 


4 
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Hence, using (5) and (1), 


dr, = + Ajdv)y + (Asdu + 

6) + (Asdu + Ajde)y, + (Asdu + Aide) yu, 
drz = (Bidu + Bidv)y + (Bedu + 

+ (Bsdu + B3dv)yy + (Badu + Bidv) yuo, 


where 
A; = (@1)u — fae + — fr)as, A, = — gaz + (2a’f — Jude, 
Ay = (d2)u + a1 + 4a’ba,, Ay = (d2)y — 2a’a3 — (g+ a4, 
As = (d3)u — 2ba, — (f + 2b,)a4, A3 = (a3)y + a, + 4a’ba,, 

(7) Ag = (A4)u + 4s, = (d4)y + 
By = (b1)u — fbe + (2bg — fr)ba, By = (bi)» — gbs + (2a'f — gu)bs, 
By = (b2)u + + 4a’bb,, Bz = (be)» — 2a’bs — (g + 2a,)ba, 
B; = (bs) u — — (f + 2b,) ba, (bs) » + b+ 4a’'bb., 
By = (bs) u bs, Bi (bs)» + be. 


A necessary and sufficient condition that the points 71, 72, dr, dre lie in a 
plane is that the determinant of the codrdinates of the four points be zero. 
Expanding the determinant we obtain 


(8) + 2Mdudv + = 0, 
where 


L = w2(A3Bs) + w13(A4Be) + w14(A2Bs) 
+ wo3(.41B4) «42 (A w34(A1B2), 
2M = wyl(AsBi) + (A$Bs)] + onl (44B2) + ] 
+ (A2B3) + (A2Bs) ] + + (A1Bs) ] 
+ (Ai +> (A;Bs) ] + + (A; Be) ], 
N= w12(A3B%4) + w13(.A4B3) w14(A3B3) 
+ w42(A1B3) + w34(A;B3). 


Here (A3B,), etc., are the determinantal expressions A3;B, — A,Bs3, ete. 
We may then conclude 

The torsal curves of the surface with respect to the congruence are determined 
by (8), a quadratic differential equation which determines a net of curves on 
the surface S. 

§ 3. The Focal Points of the Lines /. 

Each line | of the congruence belongs to two developables of the con- 
gruence, and the two points in which / touches the cuspidal edges of these 
developables (viz., the focal points of the line 7) will now be found. Any 
point on the line / is given by an expression of the form 


(9) g = + UT, 


9 
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where 7; and 72 are given by (5) and ) and uy are arbitrary functions of u 
and v. If ¢ is to be a focal point of /, then the tangent plane to the surface 
formed by all the points ¢, as u and v vary, must contain the line /._ Hence 
T1, T2) Gus Gy Must be coplanar. Noting that 


Qu = AuT1 + MuT2 + u + M(T2) us 
Pv = MoT2 + A(T1)v + M(T2)0, 


it follows that since 7; and 72 are coplanar with ¢g, — AuTi — MutT. and 
— — MoT2 they are also coplanar with A(71). + and A(71)y 
+ pu(t2)». So that a necessary and sufficient condition that these points 
lie in the same plane is that the determinant of the codrdinates of the 
points 71, T2, A(T1)u + M(T2)uy A(T1)» + w(T2)» be zero. Expanding this 
determinant and using (7) we obtain 


(10) + + = 0, 


where 


= w2(A3A4) + w13(A4A5) + w14(42A3) 
+ w23(A1A4) + w42(A1A3) + 
2M’ = (A3B%) (B3A34) | + wis (A4Bo) + (B,A5) | 
+ (A2B3) + (B2A3) + (ABs) + (B1A4) ] 
+ (A1B3) + (B,A3) | + wsal + (B,As) |, 
N’ = + w14(B2B3) 
+ Bi Bi) + w4o(B,B3) + w34(B,B3). 


Here we have determinantal quantities similar to those in (8). The two 


values of \/u obtained from (10), substituted in (9), give the focal points 
of the line J, viz., 


(11) ¢1 = AuTi + = + 
Their product determines a covariant 
(12) — + 


We may then conclude 
The focal points of the lines | of the congruence are given by the factors of 
the covariant expression (12). 


§4. The Guide Curves of the Congruence. 

With each point y of the surface S is associated a unique plane through 
it, viz., the plane containing the line / determined by 71 and 72. This 
plane intersects the tangent plane at y in a well-determined line unless / lies 
in the tangent plane or passes through y. We shall now find the family 
of curves on S which will have these lines as tangents. These curves will 


4 
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be called the guide curves of the surface with respect to the given congruence 
since the line / acts as a guide in determining the position of the plane. 
The equation of this plane is 


(13) W3402 + + Wo3v4 = 0. 
It intersects the tangent plane x, = 0 in the line 
+ = 0, 0. 


If w= u(t), v = v(t) is the equation of the desired curve through y, the 
condition that this line be tangent to the curve gives 


(14) wagdu + waodv = 0 


as the differential equation of the required curves on S. 

Miss Sperry* has developed the differential equation for the union 
curves on the surface S, which are curves such that the osculating plane 
of a point y on the curve will contain the generator of a congruence when 
this generator passes through the point y and does not lie in the tangent 
plane to S at y. We now desire to find the condition under which the guide 
curves are also union curves. 

As before let the equation of a curve on S be given by u = u(t), v = v(2). 
The osculating plane of this curve at one of its points y is 


(15) Qu'v — — — + — = 0, 


where accents indicate differentiation as to ¢. If (13) and (15) are to 
represent the same plane, 


2 2 oud 3 

(16) Que — — — + 2a’r’ 

W34 W42 Wo3 


u’ = 0, v' = 0 is a solution of these equations but in this case the co- 
ordinates of the point y’ would be (0, 0, 0, 0) which is not admissible. 
Assuming wu’ ¥ 0 and introducing wu as the parameter ‘instead of t we obtain 


lv w dv \? dv dv \* 


Substituting the value of dv/du from the first equation of (17), which is the 
same as (14), into the second we find 


(18) 2w23W34W42 = (W42) + (W34) 
+ (wa) (42034 (W34)v + 2bwi. + 2a’ wis = 0 


” “Properties of a Certain Projectively Defined Two-parameter Family of Curves on 
a General Surface,” American Journal of Mathematics, Vol. XL (1918), pp. 213-224. 
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as the relation that must be satisfied by the line coédrdinates of / in order 
that the guide curves may be union curves. 

Condition (18) is satisfied by w34 = ws = 0. Two cases may arise 
depending on whether w.3 = 0 or wo; ¥ 0. If wo3 = 0, we see from (16) 
that the solution is u’ = 0, v’ = 0, which has been excluded. Geometrically 
this occurs when the line / passes through the point y. As stated above 
this case has been considered by Miss Sperry from another point of view. 
If wos ~ 0, the solution of (16) is u’ = 0 if o’ ¥ 0 and is v = 0 if w’ #0. 
This is the case when the line / lies in the tangent plane to S at y and does 
not pass through y. 

We may then conclude 

The one-parameter family of guide curves of the surface with respect to the 
given congruence has (14) for its differential equation. In case (18) is satisfied 
the guide curves are also union curves. When | passes through the point y 
on the surface S or lies in the tangent plane to S at y, the guide curves are in- 
determinate. 

§5. The Osc-scroll-flec Congruences. 

We shall now apply these results to some special congruences closely 
associated with a given surface. We begin by recalling what Wilczynski 
calls the osculating ruled surfaces of the first and second kinds, respectively. 
One of these, R;, is the locus of the tangents to the asymptotic curves 
v = const. along a fixed curve u = const., and Rz is the locus of the tangents 
to the asymptotic curves u = const. along a fixed curve v = const. The 
differential equations of R, and R, referred to our local tetrahedron of 
reference are given in Wilczynski’s second memoir, pp. 81-82. 

We shall have occasion to use the invariants of weights four, nine, and 
ten for R; and Ry. Expressed in terms of the coefficients of (1), for Ry 
they are* 

6, = 2%(a)? — — 4a”"f — 4a’b,), 
(19) 6, = 4(C* + 8a’CCw — 8a'C.C,), 

610 = C6,, 
wheret 


(20) C = — — 32a”b. 


In obtaining 619 and 4 use has been made of the relation 
(21) 20/0, — a’ (0s)» = 16a”C,,. 


The corresponding invariants 64, 95, 910 for Rz are obtained from (19) by 


* Second memoir, pp. 81, 84. 4, and 61) were obtained by C. D. Meacham, a student 
at the University of Chicago. 
Tt Loe. cit., p. 84. 
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the transpositions 
(22) (a’b), (fg), (wo), (0404), (CC), 


where C’ is obtained from C by the same transpositions. 

The vanishing of 6, is the condition that R, have coincident branches 
to its fleenode curve, and 6; = 0 is the corresponding condition for Re- 
Consider for the present the case where 0, ~ 0. Then R; may be referred 
to its fleenode curve. Let us denote the flecnodes on the generator yy, 
of R, by 7 and ¢ and let the lines nr and ¢s* be the flecnode tangents of R, 
at n and ¢ respectively. To every point y of S there belongs such a line nr 
and hence we obtain a congruence associated with S. Similarly ¢s generates 
a second congruence. Relative to the osculating ruled surface R2 two other 
congruences are determined in this way provided that the branches of the 
flecnode curve of R, do not coincide, i.e., provided 64 ~ 0. We shall call 
these four congruences the osc-scroll-flec congruences, and we shall designate 
the congruences determined by nr and ¢s by T; and T} respectively and the 
corresponding congruences associated with R. by T, and T3. Referred to 
our local tetrahedron of reference, 7, r, ¢, s are given byt 


— 32a’ V0.9 = (8a, — VOx)y — 16a’ yu, 

— 32a’ V0, r = + 2(8a), — VOs)y, — 
32a’ V0, ¢ = (Sa, + VOs)y — 16a’y,, 
32a’ = 64aby + 2(Sai + — 320’ yur. 


(23) 


Hence, for the congruence I), the two points 7; and 72 of our general theory 
are given by 
71 = (8a, — VO.)y — 16a’y,, 


24 
(24) = 64a” by + 2(8a’, — — 320’yuv- 


The corresponding formulas for the congruence I"; differ from (24) merely 
in the sign of the radical. 

Substituting (24) in (8) of § 2 and making use of (2), (19), (20), (21) we 
find that the torsal curves for T; are given by 


[(0s)2 — 16a’°6404 — 4(04)..(8a’C, + 
+ 4(8a’'C, + = 0. 


(25) 


By changing the sign of the radical in (25) we obtain the torsal curves for 


* Wilezynski, ‘“ Projective Differential Geometry of Curves and Ruled Surfaces.” 
Teubner, Leipzig, 1906, p. 124. We shall hereafter refer to this work as “ Proj. Diff. Geom.” 
The quantities r and s are there referred to as p and o. 

+ Second memoir, p. 84. 
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Viz., 


[(0s)2 — 16a’°6404 — 4(0,),,(8a’C,, — C-VO,)dudv 
(26) 
+ 4(8a’C,, — CV6s)2dv? = 0. 


The torsal curves for T; and I’; may be obtained from (25) and (26) by 
means of the transpositions (22). 

When 6, = 0, R; has but one branch to its flecnode curve. In that case 
the single fleenode tangent may be determined by* 


/ 
= ayy — 20 Yu; 


2 
2a’s = 8a" by + — 4a’Yur, 


where ¢ is the fleenode. IT; and I; coincide and the torsal curves for this 
congruence are found to be 

(27) 4a”0,du2 — = 0, 

a conjugate net on S. 


The focal points of the osc-scroll-flec congruences are found by factoring 
the covariant expression (12) of § 3. For I, when 4, ¥ 0, this covariant is 


(28) (64; — — + 64b?73, 


aside from a factor 8a’C,, + C6, which is, in general, different from zero. 
Its vanishing makes 0;) = 0. But 6; # 0, 0:0 = 0 is the condition that R, 
have a straight line directrix.t An examination of the equations of the 
ruled surface R; when referred to its fleenode curvesf shows that the flecnode 
curve C, is also an asymptotic curve on R, and consequently is a straight 
line,§ the straight line directrix of R;. Equation (25) shows that in this 
case the torsal net reduces to du? = 0. As y moves along wu = const., Ri 
remains the same, the flecnode curve is a straight line and is, in fact, the 
line nr; hence we see that the developable generated by nr reduces to a 
straight line and consequently the congruence I’, degenerates into a ruled 
surface. 

For the congruence I; we obtain the same expression (28) for the focal 
points, but with the factor 8a’C,, — (V6, omitted instead of 8a’C, + CV@3. 
Its vanishing would cause 6:9 to vanish and IT’; would degenerate into a 
ruled surface. If both of the factors of 019 vanish, R; will have two straight 
line directrices and hence will belong to a linear congruence, and T'; and Tj 
will degenerate into ruled surfaces. 


* Second memoir, p. 86. 

t “Proj. Diff. Geom.,” p. 167. 
t Second memoir, pp. 83-84. 
§ “Proj. Diff. Geom.,” p. 150. 
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When 6, = 0, the congruences T';, I’; coincide. The focal points are 
given by (28) aside from a factor C which is, in general, non-vanishing. If 
C = 0, the congruence degenerates into a ruled surface. 

The focal points for the congruences T, and I, whether distinct or 
coincident, are obtained from (28) by means of the transpositions (22). 

From the theorem of § 4 we find that the guide curves are given by 
v = const. for I; and Tj, and by u = const. for T, and T}, as is obvious 
geometrically. The quantity w3, = 0 while ws. ¥ 0, for T,; and Tj, and 
wy. = 0, w34 ¥ 0 for T, and T3, hence the condition that the guide curves 
be union curves is not satisfied and the union curves do not exist. 

In order to interpret geometrically special cases arising out of the 
discussion of the equations which have just been found, it will be convenient 
to give some geometric properties which follow when certain of the in- 
variants are zero. 

As previously mentioned, 6, = 0 is the condition that R; may have 
coincident branches to its flecnode curve. It is also the condition that the 
focal sheets of the osc-scroll-fleec congruences associated with R, coincide, 
as may be seen from the equation obtained from (28) by (22). In this 
case the cuspidal edges on this focal sheet are asymptotic curves on that 
surface. We also noted that 0, ¥ 0, 6:5 = 0 is the condition for R; to have 
a straight line directrix. Corresponding conditions hold when 6; = 0 and 
when 6; ~ 0, 619 = 0. The conditions C = 0 and C’ = 0 correspond to 
the cases when the asymptotic curves v = const. and u = const., respectively 
belong to linear complexes.* If C = C’ = 0, 6:4 0, 0,40, Ri and R; 
belong to linear congruences with distinct directrices. If C = 6; = 0, 
C’ = 64, = 0, these linear congruences have coincident directrices. 

By an examination of the discriminant of (25) for 6, ¥ 0, and of (27) 
for 6, = 0, we find that the torsal curves for I’, represent a one-parameter 
family of curves instead of a proper net in a number of special cases, which 
may be interpreted geometrically in the light of the foregoing properties. 
Among these special cases we find several where the asymptotic curves on 
S are torsal curves. When u = const. is a torsal curve, I; degenerates into 
a ruled surface. When v = const. is a torsal curve, the focal sheets of T; 
coincide. An examination of (25) shows that the asymptotic curves of S 
cannot both be torsal curves under the same conditions. Furthermore, 
the torsal curves form conjugate nets under special conditions which may 
be interpreted geometrically. Corresponding conditions hold for the torsal 
curves of IT; and we can readily find the conditions under which these 


*C. T. Sullivan, “Properties of Surfaces whose Asymptotic Curves belong to Linear 
Complexes,’”’ Transactions of the American Mathematical Society, Vol. 15 (1914), p. 178. 

t Second memoir, p. 86. 
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curves coincide with the torsal curves of I'j. Similar conditions hold 
relative to the torsal curves of the I, and I’) congruences. 

We shall now return to some general considerations regarding the 
osc-scroll-flec congruences. The tangents to the two torsal curves of T, 
at a point y of the surface are the lines joining y to the two points 


Yu t+ (do/du)y, Yu + (do/du)eyr, 


where (dv/du); and (dv/du)2 are the two roots of equation (25) regarded as a 
quadratic in dv/du. Let t; and t, be these two tangents. The directions 
conjugate to ¢; and ¢ are obtained by joining the point y to the points 
Yu — (dv/du) yo, Yu — (dv/du)syy, 

respectively. Using the term employed by Green* we shall call these two - 
new tangents the reflected tangents of t; and tf. The totality of these 
reflected tangents determines a new net on S which may, with Green, be 
called the reflected T',-curves. They are determined by the differential 
equation 
ag) — + 4(04)u(8a’C. + CVO4)dudv = 

+ 4(8a’C, + = 0, 
an equation differing from (25) in the sign of the middle term only, since 


its roots are those of (25) with the signs changed. The torsal curves of T;, 
the reflected T';-curves, and the asymptotic curves at any point y of the 


‘surface S thus constitute three pairs in an involution. The Jacobian of 


the torsal curves of I’; and the reflected I'\-curves gives the double elements 
of the involution, which constitute, of course, a pair of conjugate tangents, 


namely 
(30) — 16a’°0,04 Jdu? — 4(Sa’C,, + CV0,)%de? = 0. 


We may then say 

The torsal curves of each osc-scroll-flec congruence, the corresponding 
reflected curves, and the asymptotic curves at any point y of the surface S con- 
stitute three pairs in an involution. The double elements of the involutions so 
determined give four unique projectively defined conjugate nets on S, one relative 
to each of the osc-scroll-flee congruences. Their differential equations are 
given by (30) and the equations obtained from (30) by changing the sign of 
the radical and by the transpositions (22) applied to these two equations. 

The focal points of the line nr for the I'\-congruence were found to be 


- given by the expressions 


= + MiT2, = + 


* Memoir on the general theory of surfaces and rectilinear congruences. T'ransactions 
of the American Mathematical Society, Vol. 20 (1919), p. 93. 


if 
if 
| 
| 
i 


4 


C. KENDALL: Congruences Determined by a Given Surface. 
g 


where \;/u1 and de/ue are the roots of the quadratic equation 
64b?d? + 128bb,rAu + (646? — = 0, 


provided 619 # 0. A point which proves to be of considerable interest is 
obtained by finding the harmonic conjugate of 7, i.e., 71, with respect to ¢ 1 
and g. It is given by . 
a = + + 72. 


From the above quadratic equation in \/u and from (24) this is found to 
be the point 


a = (— 8arb, + 64076? + b, + 


(31) + 2b(8ai, — VOs)y, — 32a’by uv. 


The corresponding point on ¢s of the congruence I; is given by 


B = (— + 64ab? — b, VOs)y + 160'byyy 
+ 2b(8a), + V0s)y, — 32a’byu. 


Relative to I, and I'y we obtain the two points a’ and #’, found from (31) 
and (32) by the transpositions (22). 
The equation of the osculating quadric Q of the surface S at the point 
y is 


(33) — + 2a’baz = 0. 


It can readily be shown that the lines a8 and a’B’ lie on this quadric and that 
they intersect one another at the point where the directrix of the second kind d't 
intersects the osculating quadric. af intersects the side yy, of the local 
tetrahedron of reference and a’f’ intersects the side yy. 

For each point y on S a line a@ is determined even when 6, = 0. If 
6, = 0, a and B coincide but the line a is then the line joining a = 8 to 
the point where d’ intersects the osculating quadric. Similarly for a’p’. 
Consequently we have two new congruences associated with S. The torsal 
curves for these congruences are given by 


— 2°b8,(C’ + 32a’b?)dudv + (677 — = 0, 


(34) 2 Wor /2 
(05 — 2!a"'04)du? — 2°a'64(C + 32a"b)dudy + 28a’"C2dv? = 0, 


respectively. If 64, = 0, the torsal curves given in the first equation of (34) 
determine a conjugate net which coincides with the torsal net for the 
coincident I’, and Ty congruences. In this case the focal sheets of T'; and 
I’; coincide and a8 becomes the line joining the coincident focal points on 
nrand ¢s. The line a’B’ is now the line joining a’ = 6’ to the point where d’ 


. Second memoir, p. 82. 
Loe. cit., p. 97." 
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intersects the osculating quadric. Similar conditions hold if 6, = 0. If 
these conditions occur simultaneously, i.e., if 04 = 0, = 0, the torsal curves 
of the two congruences reduce to du? = 0 and to dv? = 0, respectively. 
The focal points on af and a’8’ are given by the factors of the covariant 
expressions 3 


35 
respectively. For 04 = 0, the focal points on af separate a and # har- 4 
monically. Similarly in the case 6; = 0, a’ and 8’ are separated harmonically 4 


by the focal points of the line a’B’. When 6, = 6; = 0, the focal points of 
a8 are coincidént with 8 and the focal points of a’B’ are coincident with ’, 
i.e., the focal sheets of both of these congruences coincide. 

The guide curves for a8 and a’f’ are found to be u = const. and v 
= const., respectively, as is obvious geometrically. 


$6. The Congruences Determined by the Pairs of Complexes 


Associated with a point y of the surface S there are four complexes,— 
the two complexes C; and C2 which osculate the ruled surfaces R; and R» 
respectively and the two complexes C’ and C”’ which osculate the asymptotic 
curves of the first and second kinds respectively. Four of the pairs of com- 
plexes obtained from these are in involution, i.e., their bilinear invariants are 
zero.* Professor Wilczynski has consideredt more in detail the congruences 
obtained from the directrices of the congruence common to the osculating 
complexes C’ and C’’. These he called the directrix congruences of the 
first and second kinds. We shall proceed to consider the other three pairs 
which are in involution. They are the pairs C;, C’; C2, C’; and Ci, C2. . 
The first two pairs may be considered together since they are symmetrically | 
situated with respect to the surface S. | 

The equations of the complexes (; and (2 referred to our local tetra- 
hedron of reference are given by{ 


(36) Cy: + + + + + = 


where 
ay. = 0, a3 = 28a"C, = = + a,C), 
= — 2abC, = — + 6402?) + 2% 


* Second memoir, p. 95. j 
Tt Loe. cit., pp. 114-120. 
t Loc. cit., pp. 85, 86, 89. 
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with the invariant 


(37) A = + + 14023 = 280010; 
and 
(38) : + + + + + = 0, 


where 


bie = 286?C’, bis = 0, bis = bog = 27b(bC%, + 60"), 


with the invariant 
(39) B = Diobs4 + Disbae bi abo3 2867610. 


In writing down the above coefficients and invariants use has been made 
of (19) and (21). The equations of the complexes C’ and C” are* 


with the invariant A’ = — B?, 

(41) C” — + a’ws4 + a’wo3 = 0, 

with the invariant 4” = a”. It is to be noted that (38), (39) and (41) 


follow from (36), (37) and (40) respectively by applying the transpositions 
(22) and by interchanging the subscripts 2 and 3. 

Consider the congruence determined by the linear complexes C; and C’. 
It will have two directrices, d; and dj, say. For every surface point we 
have two lines so determined. Hence d; and d; will determine congruences 
associated with the surface S. We shall speak of these as the d,-congruence 
and the dj-congruence. The equations of these directrices referred to the 


local tetrahedron of reference are found to bet 
+ (as + 160’ = 0, 
+ b(ai4 16a’ (basa + 16a’b, = 0, 


for d, and 
3303 + — 16a’ a4 = 0, 


43 
bay3a b(ay4 16a’ (bagq 16a’b, VO 10) = 0, 


for d;. In finding (42) and (43) it is useful to note that 


2 
33824 — = 28a 


* Second memoir, pp. 92, 94. 
t In obtaining these equations use has been made of equations (67)—(69) on pp. 94-95 
of Second memoir where (69) should read A’’w? — (A’, A’”’)w + A’ = 0. 
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Since equations (43) differ from (42) only in the sign of the radical, we shall 
discuss the d-congruence in detail and obtain results for the other by 
changing the sign of V6jo. 

As the two points (5) determining d; we may take the points of inter- 
section of d; with the planes 2. = 0 and x3; = 0. d, intersects the edge yy, 
of the local tetrahedron of reference, as must obviously be the case since 
yYu is a line of both C; and C’. After substituting from (36) we have 


7, = (8a’C, + — VO0)y — 16a’Cy,, 
(44) = — b, VO.0)y 
+ (8a’bC,, + 8ba,C + — 


Let 7; and o; be the points in which d, intersects the osculating quadric Q 
whose equation is given in (33). 71 is given in (44) and 


= [8(a’b,Cy + — 8a”b?C) + by V6.0 ly — 16a’b,Cy, 
— 2b(8a’C,, + + + 32a’bCy 


Let ri and oj be the points in which d; intersects Q. The coédrdinates of 
7; and oj are obtained from those of 7; and o; respectively by changing the 
sign of V6i9. It can readily be shown that the lines 0101, 7104, and rio; lie on 
the quadric. Moreover, the line 010; coincides with the line aB of § 5. It can 
easily be verified that 7, and 7; are the complex points* on yy, and hence 
are harmonically separated by n and ¢, the flecnodes on yy,. Then since nr, 
¢s, 710; and 740; are all generators of the same kind on the osculating quadric, 
a, and o; are harmonically separated by a and B. In § 5 we saw that af, i.e., 
101, passes through the point where the directrix d’ of the second kind intersects 
the osculating quadric. Similar conditions hold relative to the lines de- 
termined in the same way from the complexes C2, C”’. 

The torsal curves for the d,-congruence are found, except for a non- 
vanishing factor C'/a’@4010, to be 


(46) L,du? + 2M,dudv + Nidv? = 0, 
where 
Ly = + + — (0,)2) 
— O10], 
2M, = — + 32a”(04).Cu) ], 
N, = 4070403 — 6390; — |, 


in which 
‘ 2 ‘ 
P= C6, — — 


“Proj. Diff. Geom.,” p. 208. 
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The torsal curves for the d}-congruence are obtained from (46) by changing 
the sign of 410. 

Since M, does not contain V6, we have by subtracting this equation 
from (46) and dividing by a non-vanishing factor 


(47) 16a’C'du? + = 0, 


a conjugate net on S. It is the only conjugate net of the involution determined 
by the torsal curves of the d,- and dz-congruences. There is a corresponding 
conjugate net relative to (2, and C’’.. At any point on S the four tangents 
determined by these two nets are harmonically related if 28a’bCC’+ 0,04=0. 

The focal points on d; are given by the factors of the covariant expression 


(48) 2Mi1172 + Niti, 


where 


Li =2CD, 2M‘ = 28C(b,.D+ B), 
Ni = 2%,CE + C6,(D + 8a’ 
+ 2%?CD — + 8a’C,, O10), 


in which 
T = + 2C,.P + 6.C2, = 28abC) + O10P — 4a’ T 
E = + a’ 1 VO10. 
The focal points on d{ are obtained from (48) by changing the sign of Vo. 
The guide curves for the d;- and dj-congruences are given by v = const. 
and these curves are not union curves. 
The torsal curves, the focal points, and the guide curves relative to the 


complexes Cz and C”’ may be obtained at once by means of the transpositions 
(22) together with the transposition (810, 910), (49, 95). 


§ 7. The Congruences Determined by the Pair of Complexes C; and (>. 


The equations of the linear complexes C; and (C2, whose bilinear in- 
variant (A, B) is zero, are given in (36) and (38). The following relations 


(49) (13004 a’ = bi4) = ais), 


between 6,9 and 6{, and the coefficients of (36) and (38) are useful in ob- 
taining further results. As in the case of §6 the equations of the two 
directrices of the congruence determined by C; and C2 are given by 
— VO 1022 + bays V + (bay, — 21 = 0, 
(50) ea’ bys + (bars + 010) 
+ (bass V 640 ea’ bog V 810) = 0, 


where « = + 1. Let 6; be the directrix determined by using « = + 1 in 


3 
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(50) and 6, the directrix corresponding to «= — 1. It can be shown 
readily that the points of intersection of 5, and 5: with the codrdinate planes 
ao = 0, v3 = 0, ay = 0 are harmonic conjugates with respect to the osculating 
quadric Q. 

For the points 7; and 72 determining 6; we may take the points of 
intersection of 6; with the planes 2. = 0 and 23; = 0. The expressions for 


these points are 
= (bars a’bis V6.0) Yu — aby VO uv, 


(bass V 040 a’bs4VO10)y 


(51) 


An examination of the elements entering into the equation of the torsal 
curves of the congruence determined by 6; shows that we obtain the same 
equation over again if we apply the transformation (22) to it. In this 
sense we may speak of the torsal curves of the 6;-congruence as symmetric. 
Similar conditions hold for the 6.-congruence. These nets may be repre- 


sented by 
(a + a2 VO{o)du? + 2(81 VO10 + Be VOio)dudv 
+ (71 VO10 + = 0, 
(— 2, + a2 VOio)du? + 2(— Bi VO10 + 
+ (= + VOi0)de? = 0, 


(52) 


where 71, Y2, 82 are obtained from ae, a1, Bi respectively by (22). 

If 019 = 0, 019 + 0, the invariant of the complex C, is zero and hence C, 
is a special linear complex unless 6,9 = 0 by virtue of C being zero in which 
case the complex C, is indeterminate. Excluding that case we see that 
the congruence determined by C; and C2 has two coincident straight line 
directrices.* This directrix is given by the two points whose coérdinates are 


(53) (dos, — 0,0), 0, — aia, G13). 


It is easy to verify that this line lies on the osculating quadric since 619 = 0. 
In the case we are considering we have but one congruence associated with 
the surface S instead of two. Its torsal curves may be obtained from (8) 
without a great deal of algebraic work. It is obvious geometrically that 
its guide curves are v = const. since the directrix intersects the line yyu. 

If 019 = 0, C’ ¥0, 010 +0, we obtain a congruence generated by the 
line determined by the points whose coérdinates are 


(54) 0, — 0), (bea, — 0, Die). 


* Second memoir, p. 163. 
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This line lies on the osculating quadric since 6j9 = 0 and it intersects the 
line yy». Consequently the guide curves of the congruence determined by 
it are wu = const. 

If 019 = 0, 649 = 0, C ¥ 0, C’ ¥ 0, the two complexes C; and C; are both 
special and the congruence determined by them degenerates into two 
systems of 0? lines, viz., all the lines in the plane of the two axes of the 
special complexes and all the lines through their point of intersection.* 
This point of intersection is the point in which the lines (53) and (54) meet 
since in this case (53) and (54) are the two axes which are generators of 
different kinds on the osculating quadric. 

Returning to the general case we find that the guide curves of the 6- 
congruence are given by 


(55) bar3 V6, — = 0, 
and of the 6:-congruence by 
(56) bays + = 0. 


Hence the guide curves of the surface S with respect to these two congruences 
together constitute a projectively defined conjugate net on S, namely, the net 


(57) a” — = 0. 
* Loe. cit., p. 163. 
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LINEAR PARTIAL DIFFERENTIAL EQUATIONS WITH A 
CONTINUOUS INFINITUDE OF VARIABLES.* 


By I. A. BARNETT. 


The purpose of this paper is to extend the theory of the linear partial 
differential equations 


OF oF 
(1) a; (73 U1, Un) + U1, Un) 
(2) film, (21, Un) 0, 
i=1 Ou; 


to equations which involve a continuous infinitude of variables. Since 
both of these equations involve the known functions fi, ---, f, linearly, 
this suggests immediately the use of the Stieltjes integral for expressing the 
equations in the transcendental case. The equations to be studied are 
of the form | 


(1’) u | fLé 7, 7, u] = 0 
T 
and 


(2’) [se u |d,blé, wu] = 0, 


where é is a real variable, wu is a continuous function of the variable ¢’, f a 
given functional operation, F the functional sought, and ¢ and + stand for 
certain associated functionals of F. All of these symbols will be defined 
more precisely in § 1. 

Equations similar to (1’) and (2’) but involving derivatives of functions 
of lines have already been studied by Volterra who considers the equation 


1 
3) OF Lr, f fle, +, 1, = 0, 


where F’ denotes the Volterra derivative of the functional F with respect 
to 


* Presented to the Society in two papers, (1) at Chicago, December, 1918, and (2) at 
New York, April, 1920. 

t Volterra, ‘‘ Equazioni integro-differentiali ed equazioni alle derivate funzionali,” Ati 
della Reale Accademia dei Lincei (1914), Vol. XXIII, serie 6, Ist semester, p. 551. 
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In $1 some preliminary matters concerning differential equations in- 
volving functionals, implicit functional equations, and Fréchet differentials 
will be stated which will be found useful in the sequel. In § 2 solutions of 
(1’) will be shown to exist. This will come out as an application proved in 
a previous paper.* In § 3 there will be considered the question of finding 
all the solutions of a particular type. This will necessitate the use of an 
implicit functional equation studied by Lamson. Finally, in the last 
section analogous questions will be considered for the homogeneous equa- 
tion (2’). 
$1. Some Preliminary Lemmas. 

The notations and definitions of the following lemma will be found in 
Diff. Eq. It is a condensation of Theorems I, III and IV. 

Lemma 1. [If the furctional f[£, 7, wu] is such that tt possesses in the set 


(Ao) 1 — =a, — 


a difference function A, satisfying 


which difference function besides having the linearity and modular properties 
designated by (2) and (3) (Diff. Eq., § 2] has also the modified continuity 
property (1); then there exists a set of elements Bot 


in which the unique solution u = vL£, 7, To, Uo] of the functional equation 
Ou 
(4) 5, 7) = flé, 7, uJ 
T 


reducing to u = Uo for tT = To ts defined and continuous with respect to all 
of its arguments and possesses a difference function BLE, r, To, Uo, 7, To, Ho; 
7, To, }. 

One may simplify the statement of Lemma 2 by the following 

Definition. The difference function T'Lé, 7, u, i; %] is said to have a 
reciprocal for tT = To, u = % = Uo if there exists a functional I'[é, 7, u, a; «] 
with the properties (1), (2) and (3) of a difference function (Diff. Eq., § 2) 
such that 

ILE, ro, wo, uo; 70, uo, Wo; = UE) 


*“ Differential Equations Involving a Continuous Infinitude of Variables,” this 
JourNAL, Vol. XLIV, p. 172. This paper will be referred to as Diff. Eq. 

+ The set (Bo) is in a form somewhat different from that used in Diff. Eq. .(§ 3) but it 
can always be taken in the form given here which for the purposes of the present paper is 
more convenient. 
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‘and with the further property that the vanishing of I'[é, to, wo, uo; @] 
identically in é implies that %(£) = 0 identically in é. 

If now in. Lamson’s theorem* one interprets the range P to be the 
variable £, the class J? as the class of all continuous functions defined for 
the interval 0 = ¢ = 1, and the modulus ||u(é)!| to be the maximum of 
the function u, the following lemma results: 

Lema 2. If, in the emplicit functional equation 


(5) GLE, 7, u] = 2(), 


the given functyonal G has the properties 
(1) Equation (5) is satisfied by the element (To, Uo, 20), 
(2) Gis real, single valued and continuous in its arguments, 
(3) It has a difference function 7, u, %; | for all (&, r, u, in the set 


04431, lr — mo|Sa, — wol|S — 


(4) For r= To, u= U= UM, T has a reciprocal T; 
then there exists a constant 0, = 0 such that the equation (5) has one and only 
one solution 


u= H[E, 7, z]. 


The functional H is uniformly continuous in its arguments and reduces to 
Uo for 2 = 2. 

The lemma as stated is really not a special instance of Lamson’s result 
since the left-hand side of equation (5) contains a parameter 7 but with 
the hypotheses of Lemma 2 one could carry through step by step the proof 
given by Lamson and show that the conclusions of the lemma result. 

Remark.—One could prove that the solution H[£, 7, z] has a difference 
function in its domain of definition. This proof could be effected by using 
Lemma 4, Diff. Eq. (§ 2), and a method of proof similar to Theorem IV of 


the same paper. 

' Suppose now that w(£; a) is for each fixed a of the interval 0 =a =1 
a continuous function of £ and for each fixed £ of 0 = £ = 1 a differentiable 
function of a. Suppose also that the functional Fé, 7, w] has a difference 
function ®[£, 7, u, 7, i; 7, %] so that 


Flé, 7, — FLE, 7, wu] = 7, u, 7, 7 — — u], 
where u = u(t’; a), i = u(t’; a) and ® has the properties (1), (2) and (3). 
(Diff. Eq., § 2.) 


*K. Lamson, ‘A General Implicit Function Theorem,” this Journau, Vol. XLII, pp. 
243-256. 
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Definition.—®[£, 7, u, 7, u; 7, %] is called the differential of FLE, 7, w] 
at the element (7, u) with the argument element (7, i). 

Lemma 3. If a functional FLé, 7, uw] has a difference function ®, then 
d/da FLE, 7, u(é, a) ]is the differential at the element (é, 7, u) with the argument 
function (0, u/da). 

By hypothesis 


7, u + Au] — FLE, = FLE, 7, ult’, a + Aa)] — FLE, 7, ult’, a) ] 
= 7, u, u+ Au; 0, Au] 


and hence by the linearity property of the difference function 


FLE, 7) Au] — FLé = ® E T, U, ans | : 
Aa Aa 


Thus by the continuity property of ® it follows that as Aa— 0, the right- 
. hand member tends to the expression ®[ £, 7, u, 7, u; 0, u,] as desired. 

It would follow from Riesz’s representation of a linear functional that 
the preceding lemma could also be written in the form 


7, T; u] do T, u | 


and as Fréchet has pointed out there could be but one representation if it 
is specified that ¢ is identically zero for ¢’ = 1 and that its discontinuities 
in ’ are regular. This will always be supposed in what follows. The 
functional will be called the functional associated with the differential ® of F 
or, more simply, the functional associated with F. 

Corollary.—If the function u(é, a) is taken to be u(£) + aii(£), then 


$2. Existence of Solutions of the Non-homogeneous Equation. 


Consider the equation 


(1’) oF fst tT, u 7, = 0, 
0 


u 
Or 
where ¢ is the functional associated with F. One can now prove the 
following theorem. 
THEOREM 1. Suppose wv, 7, To, Uo] is the unique solution of the func- 
tional equation 


r) = flé,r, 
Or 


Sas 
} 
= 
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of the kind described in Lemma 1, then for each fixed 1’ in |r’ — T| SB, 


the functional 
(6) 7, wu] = WE, 7’, 7, 
is defined and continuous in the set of elements 
|lu— 


where y is some positive number. Furthermore, F has a difference function 
7, u, 7, 7, and satisfies equation (1’). 
Suppose 


u=é,7, 7’, | 


is the solution of equation (4) passing through the initial element (7’, w’). 
Then it follows immediately from the uniqueness of the solution that 


Now, by Lemma 1, o£, 7’, 7, uw] possesses a difference function with respect 
to the arguments 7 and wu. It follows readily from this that dv/07 exists. 
Hence, differentiating both sides of (7) with respect to 7, and making use 
of Lemma 3, one finds that 


E 0, 0; | 
Or 


1 
0= 7’, oe 7’, 7, u 2’, 7’, 7, uw], 
OT 9 OT 


where ¢ is the functional associated with of, 7’, 7, wu] when all but the last 
argument are kept fixed. But in view of (4) and (6) the last relation may 
be written 


F 1 
T 
where ¢ is the functional associated with F. 
Corollary.—If the associated functional g[é, £’, 7, uw] has a continuous 


derivative g;[ £, ¢’, 7, u] = d¢/dé’, for all points of the interval 0 = ¢’ = 1, 
then there exists a solution of the equation 


T; u | ste. r, u] 


This is in essence Volterra’s result already cited, for the functional d¢/dé 


4 
or | 
t 


I. A. Barnett: Linear Partial Differential Equations. 47 


could be readily identified with the Volterra derivative of F with respect 
to u. 
Example.—Consider the equation 


1 1 


where K(n, ¢) is symmetric. Here the functional f[£, 7, uw] of equation 
(1’) is given by 


[KE 


and the corresponding equation (4) is 


= 


with the initial condition 


u(é, To) = Uo(E). 


Now it has been shown* that the unique solution of this system is 
given by 


where the A; are the characteristic numbers of K and the ¢; are the corre- 
sponding normed orthogonal characteristic functions. It follows therefore 
by the theory just developed that 


is for every & of the interval (0, 1) a solution of equation (8). This could 
be readily verified directly. 


$3. The General Solution of Equation (1’). 


It is desired in this section to obtain a solution of equation (1’) in terms 
of which all others of a certain type are expressible. The following theorem 
is first proved. 

TueoreM 2. If FE, 7, wu] is for every — of (0, 1) a solution of equation 
(1’) of the kind described in Theorem 1, then 


(9) GLr, u] = LLFLE, 7, uy] 


* See paper by writer, . “‘ Integro-differential Equations with the Constant Limits of In- 
tegration,’ Bull. of Amer. Math. Soc., Vol. XXVI, pp. 193-203. 
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where L is an arbitrary functional eliminating the argument — and possessing 
for each fixed element (1, u) of the set defined by the inequalities 


(10) lr — = B, |! — = B, 


a difference function A[ F, F; F'], ts also a solution of equation (1') defined and 
continuous in (10). 

In the first place, one could readily ali that G has a difference function 
with respect to 7 and uw. This follows from the fact that both F and L 
possess difference functions with respect to their arguments. Hence it 
follows by the Corollary to Lemma 3 that 


a 


where y is the functional associated with G when the argument 7 is kept 
fixed. But by (9) and Lemma 3 the left member of the preceding relation 
may be written 


1 
r +a, u+ att ]]|.-0 = [é,9,7+ a,u+ att ||.-od,d(n, F), 
da 9 Oa 


where ) is the functional associated with the differential A[F, F, F] of L. 
Applying again the Corollary of Lemma 3 to the last expression, one obtains 
finally 


0 
a7 u | + f u(é)deyLé, u | 
= f T, u | E, u | d,d(n, F). 


Substituting now f[£, 7, wu] for a(€) and remembering that F is a solution 
of equation (1’), one sees that the right side of the last equation vanishes 
identically in 7 and u, proving that 


[r, w] + f 7, w] = 0 


as desired. 

On the basis of the implicit function theorem proved in Lemma 2 one 
is now able to give a method for expressing all solutions of a certain type. 
This is embodied in the following theorem: 

THEOREM 3. If F[E, 7, u] ts a solution of the kind described in Theorem 1, 
then any solution L[r, u] of equation (1') possessing a difference function 
A[r, u, 7, %; 7, %] in the set of elements defined by (10) ts a continuous functional 
of F when in F the element (7, u) 18 thought of as fixed. 


| 
we 
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Consider the functional equation 
(11) FLé, u | = 2(€). 


It is desired to show that this equation satisfies all the hypotheses of Lemma 
2 and hence can be solved for wu. In the first place it is clear from the 
definition (6) of F that equation (1’) is satisfied by r = 79, u = Uo, 2 = Uo. 
Furthermore, since F[£, to, wu] = u(§), it follows that the difference function 
of F has a reciprocal for tr = to and u= % = u. Finally, F has all the 
required continuity properties. Hence, Lemma 2 is applicable and one 
may conclude that 


(12) u(é) = HLE, 7, =], 


where H is a continuous functional of its arguments for 0 S & = 1, and for 
7,2 in a suitable neighborhood of rt = 70, z = Uo. 
Substituting (12) in L[7, w], one obtains 


and it remains to show, in order to prove the theorem, that WM does not 
involve 7 explicitly. Proceeding as in the proof of the last theorem, one 
may obtain the relation 


1 
u|+ fla, 7, wld, 7, wv] 
0 


Or 0 OT 0 


where yp is the functional associated with the differential of M[7, uw] which 
can be shown to exist since both L and H have difference functions (see 
Remark, Lemma 2). But L and F are by hypothesis solutions of equation 
(1’), so that 

OM 


0 
OT 


as desired. 


$4. The Homogeneous Equation. 


Consider now the homogeneous equation 


1 
(2’) se u |do[é, u] = 0, 


where g is the functional associated with the differential © of the unknown 
functional S[E, w]. 
4 
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Let Fl, 7, uw] be a solution of equation (1’) of the kind described in 
Theorem 1. Consider an arbitrary functional GLF[é, 7, uw]] of F. In 
other words, when the arguments 7, wu are kept fixed in F, then for every F 
whose modulus lies between suitable limits, G yields a real number. This 
arbitrary functional will then depend upon 7 and u and will be denoted by 
H{r, uj. Let it be assumed that H[7, uw] has the following properties: 

(1) There exists an element (79, wo) for which 


7, Uo | = (). 


(2) H[r, uw] as well as H,[7, uw] are continuous functionals of their 


arguments for 
lr — rol Se, — 


where € is some positive number. 


r=n 0. 


lu=uo 


oH 
(8) Or 
(4) u]-has a difference function in |r — |7 — mo|Se, 
— wollse, — Se. 

It can be readily shown that such functionals H exist. For, it is clear 
from the defintion of F[E, 7, uw] that 

| 


oF 
Lé, 7, = — uo(é) 


and excluding the case for which wo(€) = 0, it follows that if one takes 


wu] = 7, wu] — 


where £, is a value of & for which w(£) # 0, then the functional H will 


satisfy the conditions (1), (2), (3), (4). 
Consider now the functional equation 


(13) H[r, uw] = 0, 


where H = GLFLE, 7, u]] and has the properties (1), (2), (3), (4). If one 
applies to equation (13) a theorem proved by Bliss,* one may show that 
there exists a unique solution 


(14) r= K[u], 


where K is a continuous functional of wu in a neighborhood || — 
= 6 <e reducing for wu = w to 7 = 79. It could be shown furthermore 


* Bliss, T’ransactions of the American Mathematical Society, Vol. 21, April, 1920, p. 90. 
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that K has a difference function. The associated functional of the func- 
tional K will be denoted by x{w]. Substituting (14) in F[E, 7, uw], one 
obtains 


(15). KLu], wu] = SLE, w] 


and it is desired to prove that S is a solution of the equation (2’). 

In the first place it follows that since both K and F have difference 
functions with respect to their arguments, S has a difference function with 
respect to u. Let o be the associated functional of the differential >¢ of S. 
By Corollary to Lemma 3 one obtains from (15) the relation 

1 OF 1 
0 0 0 


But from 

HU K[u], wu] = 0 
one finds 

(17) K,u|+ | u] = 0, 
0 

where 7 is the functional associated with the differential of H when the 7 
is kept fixed. Furthermore, since H[7, wu] = GLFLE, 7, it follows by 


Theorem 2 that H is a solution of equation (1’); i.e., 


oH 

—[r,u]+ | K, wu] = 0. 

Or 

Hence, substituting for %() in (17) fLé, uw], and making use of the preceding 
relation, one finds that (17) reduces to 


1 
1 
0 


at every element for which 0H/d7|,,,., #0. Substituting fLé, wu] for 
iF ii(€) in (16) and making use of the last relation and of the fact that F is a 
solution of equation (1’), one obtains finally that 


1 
ste u |do[é, u] = 0 


' Fs as desired. The following theorem has therefore been proved: 
es TuroreM 4. If FE, 7, uw] ts a solution of equation (1’) of the kind 
described in Theorem 1 and if G is an arbitrary functional of F 


GLFLE, 7, ul] = u] 
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such that H satisfies conditions (1), (2), (3) and (A), then 
SLE, w] = FLE, w] 
is a solution of equation (2’) where K[u] is the unique solution of 


H[7, u] = 0 


for r. 

Remark.—The arbitrary functional H[7, uw] should be chosen so that 
the implicit functional equation H[7, wu] = 0 is easy to solve. 

TueorEeM 5. If L[u] ts any solution of equation (2') possessing a 
difference function A[u, %; %], then L is a continuous functional of SLE, u] 
described in Theorem 4 where u is thought of as fixed. 

In the first place it is readily shown that if L[_w] is a solution of equation 
(2’), then LLF[é, 7, u]] is independent of r. For, by Lemma 3 


dL 


where yu is the functional associated with the differential of L[_F[£, 7, u]] 
= M[1, u] with respect to the second argument. But 


OF 
= [é, 7, u] = —flé, 7, w], 


& 
| 


so that 


1 
aL =— fLE, 7, wldeuLlé, 7, w] = 0, 
dr 0 


since by hypothesis L is a solution of equation (2’). 
Since I FLE, 7, w]] is independent of 7, it follows that 


for 7, 
7, uJ] = ul] for Ku]. 
Hence it follows for all functions wu of the type considered that 
Lu] = LLSLé, 


This completes the proof of the theorem. 
As:an illustration of the results of this section, consider the equation 


associated with (8), 


(18) K[n, d,g[n, u| = 0. 


It has already been proved that a solution of equation (8) is given by 


and 


FLE, Ty wu] u(é) + nf 


| 
| 
| 
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Take for the arbitrary function GLF'], the expression 


0 + 


0 


and the function H[r, u] is easily found to be 


1 1 1 


so that 
1 : 
0 
is the ‘‘general solution’ of equation (18). 
As some particular solutions, one may take 
1 
0 


f 


* It is well known in the theory of integral equations that this expression could not 
be zero for all the characteristic functions unless wu were identically zero. 

+ Cf. p. 203 of article by writer entitled ‘“‘ Functionals Invariant under One-parameter 
Continuous Groups of Transformations in the Space of Continuous Functions,” Proceed- 
ings of the National Academy of Sciences, Vol. 6, No. 4, pp. 200-204, April, 1920. 
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ON THE ORDERING OF THE TERMS OF POLARS AND TRANS- 
VECTANTS OF BINARY FORMS. 


By L. IssER.LIs. 


The reduction of transvectants depends on the possibility of inserting 
between any two terms of a transvectant a series of others such that any 
two consecutive terms possess the property which is technically known as 
adjacence. It is asserted without proof, that this is possible, by Gordan 
(“Vorlesungen iiber Invariantentheorie,”’ Zweiter Band, § 42, S. 44), by 
Clebsch (Binare Formen, § 53, S. 185), and by Grace and Young (“ Algebra 
of Invariants,” § 50, p. 51). 

In 1908 I gave a short sketch of a method of effecting the actual ordering 
of the terms, and in the present paper I develop one such method in full 
and illustrate it by ordering the 56 terms of the transvectant 


= {(ax)™(bx)"(cx)”, (dx)*(ex)*}%, 


I gladly acknowledge my obligation to Professor M. J. M. Hill, F.R.S., 
of the University of London. He drew my attention to the importance of 
the problem in his lectures on the Algebra of Invariants and indeed himself 
devised a method of ordering the terms of a polar differing somewhat from 
that given in Section 2 below. 


§ 1. DEFINITIONS AND NOTATION. 


Two terms of a polar are said to be adjacent when they differ only in 
that one has a factor of the form (a,)(a,y) while in the other this factor 
is replaced by (any)(anv). 

Two terms of a transvectant are said to be adjacent when they differ 
merely in the arrangement of the letters in a pair of symbolical factors. 
Two terms can be adjacent in two ways: 


(i) and (anB;), 

and 

where the letters a), a2, --- belong to one of the two forms of the trans- 
vectant and the letters 61, 82, --- belong to the other form, while P repre- 
sents a symbolic product. 


We have to discuss a method of arranging the terms of (i) the ordinary 
54 
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P = (apr)"?} 


{ +++ (apx)"?}, 
x 


if we omit a numerical factor, where y(0/dx) = y:(0/021) + yo2(d/dz2). 
(ii) the mixed polar 


and (iii) the transvectant 
T = (apa), (box) «++ 


in such a manner that each term shall be adjacent to its neighbours. 
It is to be noted that the rth polar of 


f = +++ (apx)"? 


(ny + + np)! 


and that 


(my + me + + Np)! 


is a mixed polar of f, but in what follows these numerical factors and the 
numerical coefficients of the various terms will be omitted, because their 
values do not affect the ordering of the terms. 


§ 2. To OrpER THE TERMS OF THE POLAR 


Let D, denote an operator which polarizes powers of (a,x) only, with 
regard to y, then 


P= (Di + Do + +++ + +++ (apr)"? 


Consider the terms which arise from operators which are alike except that 
one factor D, of the first is replaced in the other by D,, thus 


Dj: Dy: --- DAD# Dre (I) 
and 
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where + ro +--- The terms of the polar 


arising from these are 


Ty = +++ (agar) *(asy)* (ary) +++ 
= «++ (asx) (agy)* "(aya)" "(ayy)" 


py) 


and are adjacent since: the factors (asy)(a,7) of the first are replaced by 
(a,y) (asx) in the second. Call the operators I and II consecutive operators; 
we must therefore arrange the terms of 


(Di ++ Dz + ++» + 


consecutively. Now it is obvious that the ordered development of § 
D2)" is Di, Dy*D3, ---, D3. We shall denote this by 
(D, + and then + D,)’ will stand for D3, Do“D,, ---, Dj. 

To obtain the ordered development of (D; + D2. + D3)’ we first order 4 
+ D.)". In the first term.in which occurs, replace it by D. + | 
in the second term in which it occurs replace it by D3 + Ds, in the third by § 
D. + Ds, and so on alternately. In this manner we obtain j 


Dj, + D3), Di-?(D3 + D2)’, + D2)’, 
+ 


which becomes an ordered expansion of (D; + D2 + D3)” when each expres- 
sion as Dj-**(D3; + D2)** has been expanded into a group of ordered terms 
of which the last is D{-**D} and D7-**"(D, + D3)?! is expanded into an 
ordered group whose first term is Dj~**1D3°*? and this is consecutive to 

We shall prove by induction that this method is perfectly general. 
Let us assume that 


has been ordered. ‘To order the terms of 
(Di + De + + Dp + 
replace D, by D, + Dpx: in the first term of (D; + D. + --- + D,)’ in 


which it occurs, in the second term in which it occurs replace D, by d 

Dy41 + Dp, in the third by D, + Dp: and so on alternately and we shall ‘ 

obtain the ordered expansion of 

(D, + + + D, 

For let 

D? DY --- Die = 
De Dict! ... De = T, 


* 
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be two consecutive terms in the ordered expansion of (D,;+ D.+ --: 
+ where r. When the substitutions of D,+ Dp4: and 
D,41 + D, for Dy have been made, then 7;_; and T; become 


= D?D? Dy (D, + D 41)”, 
T, = DBD} (Dory + Dp)”. 


On expanding the last factors we get two consecutively arranged groups 
of terms of the operator (D; + --- + Dp, + The last term 
of the first group is 

D&D... 


The first term of the second group is 


and are themselves consecutive, so that the two groups together are a part 
of the ordered operator (D,; + Do + --- + Dy41)". The above supposes 
that the suffixes s and ¢ are neither of them equal to p, we must therefore 
consider specially the case in which 7;_; contains D**D}? and T; contains 
Here 
T, = DA} 

After substitution 


T, = DM... Dr}... + 


The last term of 7’_, and the first term of 7" are 


Ds... 
and 


A A,—1 
DP wale Dy Dei 


and so these are consecutive. 

Now D2)’ and (Di + D.+ D3)’ have been ordered, hence 
(D; + Dz + D3 + D,)’ can be ordered, and so on. It is important in what 
follows to notice that when expanded in this way (D,; + D. + --- + D,)* 
commences with Dj and ends with D7 where k is one of the integers 2, 3, 4, 
-++ p and can be made any one of them we please.* 


*The method adopted by Professor Hill for ordering (D; + Dz: + --- + Dz)" is as 
follows. The ordered arrangement of (D; + D2)’ is Dj, Dj~'Ds, --+, Dj, call this the 
direct order for (D; + D2)’ and Dj, Dj~'D,, ---, Dj the reverse order. A direct order for 
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§ 3. On OrpeRING THE TERMS oF A Mrxep Po ar. 


Let the mixed polar be 


and let the result of ordering 


{(byx)™ +++ (bgx)™}, 


as in § 2, be Ay + do + + + Ang + 
We may put : 


= (Di + --- + Dy)” 


when ordered as in § 2 where ¢ is one of the numbers 2, 3, --- g. Then the 
ordered development of ; 


Ox 
is 
(Dit + + DE) yew Ar + (DP + + Di) yan Aa + 
+ (Dit + + + (Di + + + 


where Di? + --- + Dj? is Diz + --- + Di written in reverse order. To 
prove this we first observe that by § 2 


(D? + + Di 


is a group of consecutive terms; it will therefore be sufficient to prove that 
Dj?Aos—1 and are consecutive terms. 


(Di + Dz + Ds)" is 
(D; + in direct order + [(D: + in reverse order]D; 
+ [(D: + in direct order]D2 + 
When the direct order for (Di + D2 + D:;)" is established, we get a direct order for 
(D; + De + D; + Da)" by writing (D; + Dz + Ds)" in direct order 
+ [(D; + De + D3)" in reverse order|D, 
+ [(D; + De + in direct order]D? 


and so on. 
It can be proved by induction that this method is general. From this can be deduced 
the ordering of a transvectant in which one of the two forms contains only a single binary 


form. 


| 
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Now Aos-1 and Ag, are either of the form 


= (boys), 

or of the form indicated in the special case below, H being a symbolic 
product not involving (5:2). 


Hence, 
Di?Aos—1 = H (bux) (boys) 


and 
= (bays) (bugn) 


and are consecutive. 
Special Case.—We must verify that this still holds in the special case in 
which ¢ is w or v. We may, when ¢ = wu, write 


= H(byx)™ (buys) (boy), 
As, = H(byx)™ (bz), 
so that 
Di? Aos—1 H(byx)™—"— (buys) (buy2)” (bey) = K (bux) (byy1) 


and 


Di2Aos = (buys)"* (bor) = K(buyi) (bo), 


so that the adjacence holds in this case also. 
Thus the mixed polar 


( ( +++ (bgx)™ 


can be ordered; denote the result by 
B, + Bot + Basi + Bost 
Let Di?+ +--+ Dj be the ordered development of the operator in 


or of (D, + Do + --- + and let Dz? + --- + be the 
same reversed. 


Then the mixed polar 


will be ordered if we expand it in the form 


(Di + + Di?) + (De + + Di?) Be + 
+ + + Dy + (De + + + 


As before, (Dj? + --- + Di*)y-y,B2s-1 is a group of consecutive terms; 
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it will therefore be sufficient to prove that 


and 
are consecutive terms. 
Now B,,_; and Bo, are either of the form 


= H ** (buy) (Deyo) "*(bux) (boy) 
Boy = (box) (buy) 


where y is either y; or ys 


or of the form considered in the special case below. Therefore, 
Bos—1 = H (bux) (bvy), 
Dj2Bos = (box) (buy) 


and are consecutive. 
Special Case-—The special case in which fk is u or v can be treated as 


before; thus suppose k is wu and that in (b,y), (b,y) y stands for ye, then 
Boe = H(byx)™ 
Bog = (buys) (buy2)"** (box), 

so that 


= H(byr)™ (buys) = K (bux) (bvy2) 
and 
Di2Bos (bya) "(buys)"? (bx) K (buye) (by), 


so that the adjacence holds in this case. 
We shall show that this method of ordering the mixed polar is perfectly 


. general. 
General Case.—Let the ordered development of the mixed polar 


0 0 ro a ry 
( "8x (v Ox (092) 


be 


and let 


or D¥+--- + D? 
Ox y= 


when ordered, Dj‘ + --- + being the same written in reverse order. 
Then the ordered arrangement of the mixed polar : 
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is 
(De + + + (De + + + 
+ (DE + + + (DE + + DP) Pa + 


As before, we must prove that 


and 


are consecutive. Let 


= (bu. yi) (by). 
Then 
(by) 
Di Pos = (buys) (b,x) ’ 


and are consecutive. 
In the special case in which 1 is ¢ 


so that 

= K(b.x)(b.y,), 


so that the adjacence holds in this case. Hence the terms of a mixed polar 
can be ordered by the above method in the general case. 


K (byy:) (b,x), 


§ 4. THe ORDERING OF THE TERMS OF A TRANSVECTANT. 


When it is required to calculate the transvectant 
we first order the terms of the polar 
«++ 
In the result replace y; by he and y, by — h; where 


(har)matmet +1 = (Bg) ™ 


4 
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and multiply the new result by (ha)™t™t * t™~r", This gives 7’ when all 
the factors containing h have been evaluated. A factor such as (a,h)™ 
+++ js evaluated by polarizing -- 
(box)™, Ay times with respect to yi, times with respect to yo, A» 
times with respect to y, and then putting 


= 11) Yo = ap, 


or symbolically 
a-\* 
7 = >> (a;2) p—Ap @ x) 


Ap 
{ (byx)™ (box) M2. (b 


Let D;, be an operator which polarizes (b,2) only, with respect to y;, then 


we may put 


\* 
= (Dy + Dig + + Dig)”, 


Ag 
) = (Do, = Doo + coe 


T is thus arranged as a sum of groups of terms. The factors preceding the 
operators are already arranged so that if one is H(a,x)“(a,27)’ the next is 
H(a,x)“"(a,v)’" reducible to K(a,x) and K(a,v7) where H and K are prod- 


ucts of linear factors only. 
We must now develop the operators of form 


Al Ap 


+ Dig + + Dig)” (Dor + + Dog)” 


so that when the operations have been carried out 
(i) in each group every term is adjacent to its neighbors, 
(ii) the last term of any group is adjacent to the first term of the next 


group. 
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§ 5. Let the transvectant 


T= H(az)(Du + + Dig)” 

+ H(ax)(Diu + +++ + Dig)” 
(Da + + Dag)* (Da + + Dig) 
(Dp + +++ + 
a where H is a product of factors of type (ax). Denote the expanded forms 


of the operators in the terms written down above by P; + P,+ --- + P, 
and + + ---+Q,. Then 


i) H (a,x) -P, ‘ (byx)™ (ba) 
(byxy™ +++ (bgx)™ 


and 


(ii) 


} must be adjacent terms of T 


H (asx) + +++ (bgx)™ 


st be adj ; sof T. 
Bias Pin must be adjacent terms of 7 


One way of satisfying (i) is to expand the operators so that the first operator 
(Div + Dig)" +++ (Dor + + Dpq)” always starts with 
--+ D?» (i.e., a product of D’s with second suffix 1) and always ends with 
Di (.e., a product of D’s with second suffix 4). 
For then we may write the second operator as 


(Dog + + 


so that the last term in the first group is 
and the first operator in the second group is 


and these are adjacent for they are of the form’K (a,x) (bga:) and K (a,x) (b as) 
where K is the same in both. 

Condition (ii) can be satisfied in either of the following two ways. 
(a) If P, = ADuv and P41 = ADuw where A is the same product of D’s 
in both, or (b) if Py = ADuvDtw and Pi; = ADuwDtiv. For if (a) holds, 


H (asx) Px{ K (byx) (bau) 
and 


H (asx) +++ (bgx)™} = 
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where K is the same in both. And if (b) holds, 


H (a,x) Pi {(byx)™ (bgx)™} = 
H (a,x) (bgx)™} K(by,a,) (bya), 


where K is the same in both. Therefore in both cases we get adjacent 
terms of the transvectant. 
§ 6. Thus we can order the terms of the transvectant if we can expand 


so that (i) it starts with Dj, --- (ii) it ends with --- Dy; 
and (ili) any two consecutive terms are either of the form ADuv, ADuw or 
of the form ADuv Diw,ADuwDtv. We shall show later* that the general 
case can be deduced from the case gq = 2. We shall therefore commence 
with this case. So we must arrange 


(Dy + Dy2)"(Dor + Doo)” (Doi + 


so as to satisfy conditions (i), (ii), (ili) above. Omitting numerical coeffi- 
cients we expand (Dj, + in the form + + 
+....-+ D*. We shall find it convenient to write for this 


@ + + Ay 
Similarly, take 
(Day + = + + + DY 


and soon. We are now concerned with the development of 

(ay + ay,41) (dr “}- be by+1) (C1 + --- + Cy,+1) 
in such a manner that (i) it starts with a,b,c; ---; (ii) it ends with 
y,41D,,41Ca,41 ***3; and (iii) two consecutive terms are either of the form 
Pa, and Pa, ,; where P is the same in both, or of the form Pa,b; and 
Paysibi1. Of course any of the letters a, b, c, --- may be used instead of 
aor b. If the first form is used the adjacence of the corresponding terms 
of the transvectant is of the same kind as that of (a8)(yx)-K and 
(ay)(8x)-K, but the second form produces terms whose adjacence is of 
the same kind as that of (a8)(7y5)K and (ad)(y8)K for 


a, = 
b, = 
so that if Pa, = MD, then Pays; = But if = 
then Pays:b-1 = MD,2D21, showing that condition (iii) is satisfied. 
*§9. 
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First let all the exponents or all the exponents but one be even (in the 
latter case put the factor (D,; + D,2)* say, with the odd exponent \4,, 
first). Multiply out by the rule 


we 
and if there are more than two factors, the first two are to be multiplied 
together by the rule and then the result is to be multiplied by the third factor 
in accordance with the rule and so on. Thus 


(a, + dg + + bo + (C1 Cys+1) 
= [ (a1 + Ay, 41)b1 + + 


in which 6,,;1 multiplies the a’s in direct order since \: + 1 is odd. The 
complete product is 


+ (a:b; + Ay 41D 


ending thus since A3 + 1 is odd. 

It is clear that with any number of factors this rule will give a product 
commencing with a;byc; and ending with and any 
two consecutive terms will be of the form Pa,, Pa,.,. 

§ 7. The case in which several of the exponents are odd cannot be done 
so simply. It is sufficient to consider the expansion of 


where \i, Ae, As, «++ are all odd, for when this has been multiplied out so 
as to satisfy the conditions (i), (ii), (iii) of § 6, the product can be multiplied 
in turn by each of the factors containing an odd number of terms without 
any difficulty. 

So we consider 


(ay +++ dai) (1 + +++ + C2 + + on) 


where there is an even number of terms in each factor. 
Now (a; + az)(b; + be) may be expanded by the scheme 


1.e., + aybe + + 


Be 
Bs 

| 
| 
| 
| i 
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é 
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kind as that of K(aB)(y6) and K(aé) (78). 


we use the scheme 
b, 
ay 


| 


C1 
C2 
C2 
C1 


C1 
C2 
Ci 
C2 


| 
| 


or + aybyeo + ayboce + + dobyey + aebyeg + + where 


again all the conditions are satisfied and the 
is as in the previous case. 
Similarly 


(ay + ae) (by + be) (er + €2)(di + de) 


is arranged by the scheme 


A C2 dy 

ay, 

“1 dy 

lal? 

1 

a2 

dy 

ds 


and so on, where in any vertical column (say the fourth) the entries d), d» 
and d2, d; occur alternately except that the last two entries are alike. 


§ 8. Now consider the product 


(a; + a2 + as + ay) (D1 + bo + 


Bracket the last two terms in each bracket together, thus: 


AB = (a, + a2 + a3 + as)(b; + be + bs + by), 
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This satisfies the conditions (i), (ii), (iii) and the two middle terms will 
ultimately produce terms of the transvectant whose adjacence is of the same 


For (a; + a2)(b1 + b2)(e, + C2) 


adjacence of the middle terms 


bs bs) = AB. 


i 
8 
i 


IssERLIS: Polars of Binary Forms. 67 


and so begin by treating the product as though the factors contained an 
odd number of terms. So 


AB = by(a1 + + a3 + a4) + b2(a4 + a3 + a2 + a) 
+ (bs + bs) (a) + a2 + ag + a4) 
= bya; + + dya3 + bias + + boas + + 
+ ay(b3 + bs) + ao + bs) + (a3 + ay) (3 -+- bs). 


Now we can deal with (a3 + a4)(b3 + bs). It will commence with a3b3 
which will be “‘ consecutive ” to a2b3, where we use the word consecutive 
for brevity to denote that these operator terms are correctly ordered for 
producing adjacent terms of the transvectant, and it will end with a4b,. 

In the same way 


(a; + a2 + a3 + as) + be + bs + bs) (ey + + 
= [b,a, + 10 ordered terms + azb3 + agag(b3 + bs) Jer 
+ + bs) (a4 + a3) + a2b3 + 10 ordered terms + 
+ aybi(e3 + + diae(es + + +++ + + €3) 
+ (e3 + c4)(b3 + bs) (a3 + a4) 


can be consecutively arranged, and starts with a,b,c; and ends with agbges. 
This can be generalized. 
(ay + +++ + + Gop) (bi + be + +++ + + + 
= + +++ + dep) + + a1) + +4) 
+ (boq-1 + (a1 p—2 + p—-1 


The last product is 


(be 9-1 + + 2 + be g—1) + 2 + bz 
+ (b2q-1 + + 


and therefore ends with depboq. 
Similarly 


(a; + dg + +++ + ep) (bi + +++ + (C1 + C2 + Core + Cori + Cor) 
= C1(ayby + +--+ 2 p—2b2q-1 be g2p) 

+ c. (same reversed) 
+ c3 (same direct) 

+ ¢o,2 (same reversed) 


+ (Cons + Cor) (a,b, + 9-1 + beo-1 + beg + ap) 
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and the last line is 


(Cor-1 + Cor) + Az p—2b2 g—1(Cor + Cor—1) 

+ (Cars + Cor) (bo + beg) (A2p—1 + Q2p); 
therefore when the product in the preceding line is ordered, the whole 
product now under consideration will be ordered and starts with a,b,c; and 


ends with do 
§ 9. We can therefore in all cases “ order” the operator 


A = (Dy + + Dos)? + 


The transition from this to the operator 


B= (Dy + Dy + Dy3)"(Doi + Doz + Do3)*? + Doe + Dys)*? 
is effected as follows: , 
In the /ast term of A each term of the form Dj» is replaced by Diz + Dy, A 

In the term before by Dy3 + Dye, 

In the term before that by Die + Dys, 
and so on where k = 1, 2, --- p. ; 
Then since A begins with --- and ends with D%;.--- 


therefore B begins with Dj --- D™ and ends with (Dj. + Dj3)"--- 
+ Dys)”, i-e., B ends with --- D”™. 


Let two consecutive terms in A be 


ADi3D33 Dy} and A/D" p*: ... D*? where A, A’ 
p2 p2 ’ 


12°° 22 
are products of D’s whose second suffix is 1. These become in B say, 


A(Dy. + Di3)"*(Do2 + (Doz + 


and 


A’(Dy3 + D42)""(Dex + Dzs)"? (Dos + 


of which the first ends with AD}; --- D>} and the second begins with 


A’D*: tee D* and these are “ consecutive ”’ since the original terms were so. 

Similarly when (Dy + Diz + +++ (Doi + + Doz)” has been 
expanded so as to satisfy the conditions (i), (ii), (iii) we can deduce the 
correct expansion of 


(Du + Diz + Dis + Dus)” 


(Da + + Dy3 + D 


as follows: 


} 


p); 


nd 
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In the last term in which D;3 occurs replace it by Di3 + Dias, 
In the term before replace it by Dis + Diys, 
In the term before that replace it by Dis + Dia, 


and so on, and we obtain an ordered expansion starting with D},D%, --- D ~ 
and ending with Dj, D% --- 

It is evident that the method is perfectly general, and we thus succeed 
in ordering the terms of the transvectant of any two binary forms. 


As an illustration we will order the 56 terms of 


T = {(ax)™(bx)"(cx)?, (dx)*(ex)*}?. 
$10. Let 
T = {(ax)™(bx)"(cx)”, (dx)*(ea)*}*, 


The polarizing operator is (D; + D2. + D3;)?. Now 


(D3 + Dy)? = D3 + D3(D2 + Di) + D3(Di + De)? + (D2 + 


reversing this, we find 


(Di + Dz + D3)? D} + + D,D3 D3 + + 
+ DiD; + D,D3 + D.Dz+ D3. 


Let D,; polarize (dx) with regard to y; | Let Dy polarize (ex) with regard to y; 


Do, Y2 Doo Y2 
¥3 Do3 ¥3 
Also let = | be = C2 
Then 
T = + 
+ + Doi) (Diz + (dx)*(ex)*} 2 
+ + Dy2)(Dor + (dx) *(ex)*} 3 
+ + Dor)*{ (da)*(ex)*} 4 


+ + Ds2)(Do1 + Doe)? { (dx)*(ex)*} 
+ (cx)? (Dy2+ Dy) (D22+ Dor) (D32+ Dai) { (dx) *(ex)‘} 
+ (D3; + + Die)? { (dx) *(ex)*} 
+ (ax)™"(bx)" (cx)? (Diz + Di) + Dsi)?{ (dx) *(ex)'} 
+ (Doi + Do2)(Ds1 + { (dx) *(ex)*} 
+ + Ds1)*{ (dx)*(ex)*}. 


ont on 
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Thus 
T=7,+ 72+ + Tr. 


The operator in 7; is + + Du + Di, 
in is + + + Doz) + Di, + Dy) 
in 7’3 is Di(Du + Dy) + + Diy) + + 
in 7; is Dix 4- + “+ Di 
in 7’; is Di (Dai + D32) + Ds1) + + D32) 
in is DypDo2D32 + Di2D22D31 + + Di2DoiD 31 

+ + Di D22D32 + + DuDaDs 

in 7; is Dii(Dsi + + Dy Dy2(D32 + + D}2(Ds1 + 
in Ts is + Dir) + + De) + + Du) Din 
in Ty is D3i(De1 + + + Doi) + + 
in is Dp + Din. 


Performing the indicated polarizations and remembering that y.=—m 
is (aa) we easily obtain the following development: 


T, = { + (dx)*-*(ex)* (da)? (ea) 
+ (dx)*"(ex)* (ea)? + (dx)*(ex)**(ea)*}, 


= { (dx)*(ex)*-3(eb) (ea)? + (dx)*"(ex)* (db) (ea)? 
+ (db) (ea) + (dx)*!(ex)**(da) (ea) (eb) 
+ (dx)**(ex)*(eb) (da)? + (dx)*~*(ex)‘(db) (da)?}, 


T; = (ax)™"(bx)"*(cx)? { (dx)*—3(ex)*(da) (db)? + (dx)*?(ex)* (ea) (db)? 
+ (dx)*(ex)*?(db) (ea) (eb) + (dx)**(ex)*!(da) (db) (eb) 
+ (dx)*(ex)**(da) (eb)? + 


T; = { (dx)*(ex)*3(eb)? + 
+ (dx)**(ex)**(eb) (db)? + (ex)*(dx)**(db)*}, 


T; = (dx)* (ex) *(de) (db)? + (dx)**(ex)* (ec) (db)? 
+ (dzx)*(ex)* (ec) (eb) (db) + (dx)**(ex)**(de) (db) (eb) 
+ (dx)**(ex)* (de) (eb)? + (dx)*(ex)*~*(ec) (eb)*}, 


Ts = (ax)™ "(bx)" (cx)? { (dx)*(ex)*~*(ea) (eb) (ec) 
+ (dx)*(ex)* (ea) (eb) (de) + (da)**(ex)' (ea) (db) (ec) 
+ (dx)**(ex)*(ea) (db) (de) (dx)**(ex)**(da) (eb) (de) 
+ (dx)**(ex)* (da) (eb) (ec) + (db) (ec) 
+ (dx)**(ex)*(da)(db) (de) }, 


T; = + (ec) 
+ + (da) (ea) 
+ (dx)*(ex)* (de) (ea)? + (ea)?}, 


IssERLIS: Polars of Binary Forms. 


Ts = (ec)? + (da)**(ex)* (da) (ec)” 
+ (ec) (de) +- (da)**(ex)*(ea) (ec) (de) 
+ (dx)**(ex)*“*(ea) (de)? + (da)*~*(ex)‘(da) (de)”}, 


T, = (ax)™(ba)"* (cx)? { (de)? + (dx)**(ex)**(eb) (de)” 
+ (dx)**(ex)**(eb) (de) (ec) + (de) (ec) 
+ (dx)**(ex)* (ec)? + (dx)*(ex)*~*(eb) (ec)”}, 


Tio = (ax)™(ba)”(cx)?~*{ (dx)*(ex)**(ec)? + (dar)**(ex)* (ec)? (de) 
+ (de)? + 


These are the 56 terms of {(ax)"(bx)"(cx)?, (dx)*(ex)'}* so arranged that 
each term is adjacent to those on either side of it, the numerical coefficients 


being omitted throughout. 


LonpDoN, ENGLAND, 
28 April, 1919. 
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